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Gauge invariant two-point vertices of shadow fields, AdS/CFT, and conformal fields
R.R. Metsaev∗
Department of Theoretical Physics, P.N. Lebedev Physical Institute, Leninsky prospect 53, Moscow 119991, Russia
In the framework of gauge invariant Stueckelberg approach, totally symmetric arbitrary spin shadow fields
in flat space-time of dimension greater than or equal to four are studied. Gauge invariant two-point vertices
for such shadow fields are obtained. We demonstrate that, in Stueckelberg gauge frame, these gauge invariant
vertices become the standard two-point vertices of CFT. Light-cone gauge two-point vertices of the shadow
fields are also obtained. AdS/CFT correspondence for the shadow fields and the non-normalizable solutions of
free massless totally symmetric arbitrary spin AdS fields is studied. AdS fields are considered in a modified de
Donder gauge and this simplifies considerably the study of AdS/CFT correspondence. We demonstrate that the
bulk action, when it is evaluated on solution of the Dirichlet problem, leads to the two-point gauge invariant
vertex of shadow field. Also we shown that the bulk action evaluated on solution of the Dirichlet problem leads
to new description of conformal fields. The new description involves Stueckelberg gauge symmetries and gives
simple higher-derivative Lagrangian for the conformal arbitrary spin field. In the Stueckelberg gauge frame, our
Lagrangian becomes the standard Lagrangian of conformal field. Light-cone gauge Lagrangian of the arbitrary
spin conformal field is also obtained.
PACS numbers: 11.25.Tq , 11.40.Dw , 11.15.Kc
I. INTRODUCTION
The present paper is a sequel to our paper [1] where gauge
invariant approach to CFT was developed. Brief review of
our results in Ref.[1] may be found in Sec. II D in this pa-
per. In space-time of dimension d ≥ 4, fields of CFT can
be separated into two groups: conformal currents and shadow
fields. This is to say that field having Lorentz algebra spin
s and conformal dimension ∆ = s + d − 2, is referred to
as conformal current with canonical dimension,1 while field
having Lorentz algebra spin s and dual conformal dimension
∆ = 2 − s is referred to as shadow field.2 We remind that in
the framework of AdS/CFT correspondence [9], the confor-
mal currents and shadow fields manifest themselves in two
related ways at least. First, the conformal currents appear
as boundary values of normalazible solutions of equations of
motion for bulk fields of AdS supergravity theories, while the
shadow fields appear as boundary values of non-normalazible
solutions of equations of motion for bulk fields of AdS super-
∗Electronic address: metsaev@lpi.ru
1 We note that conformal currents with s = 1, ∆ = d− 1 and s = 2, ∆ =
d, correspond to conserved vector current and conserved traceless rank-2
tensor field (energy-momentum tensor) respectively. Conserved conformal
currents can be built from massless scalar, spinor and spin-1 fields (see e.g.
[2]). Discussion of higher-spin conformal conserved charges bilinear in 4d
massless fields of arbitrary spins may be found in [3].
2 It is the shadow fields that are used to discuss conformal invariant equa-
tions of motion and Lagrangian formulations (see e.g. Refs. [4]-[7]). Dis-
cussion of equations for mixed-symmetry conformal fields with discrete ∆
may be found in [8].
gravity theories (see e.g. [10]-[14]3). Second, the conformal
currents, which are dual to string theory states, can be built in
terms of fields of supersymmetric Yang-Mills (SYM) theory.
In view of these relations to suprgravity/superstring in AdS
background and SYM theory we think that various alternative
formulations of the conformal currents and shadow fields will
be useful to understand string/gauge theory dualities better.
In our approach, starting with the field content of the stan-
dard formulation of currents (and shadow fields), we intro-
duce additional field degrees of freedom (D.o.F), i.e., we ex-
tend space of fields entering the standard conformal field the-
ory. We note that these additional field D.o.F are similar to
the ones used in the gauge invariant Stueckelberg formulation
of massive fields. Therefore such additional field D.o.F are re-
ferred to as Stueckelberg fields. As is well known, the Stueck-
elberg approach turned out be successful for study of theories
involving massive fields. This is to say that all covariant for-
mulations of string theories are realized by using Stueckel-
berg gauge symmetries. Therefore we expect that use of the
Stueckelberg fields in CFT might be useful for the study of
various aspects of AdS/CFT dualities.
In this paper we develop further our approach initiated in
Ref.[1]. As in Ref.[1], we discuss bosonic arbitrary spin con-
formal currents and shadow fields in space-time of dimension
d ≥ 4. Our results in this paper can be summarized as follows.
i) Using shadow field gauge symmetries found in Ref.[1],
we obtain the two-point gauge invariant vertex for the arbi-
3 In earlier literature, discussion of shadow field dualities may be found in
[15, 16].
2trary spin-s shadow field. Imposing some gauge condition,
which we refer to as Stueckelberg gauge, we demonstrate that
our vertex is reduced to the two-point vertex appearing in the
standard approach toCFT . Imposing light-cone gauge on the
shadow field, we obtain light-cone gauge fixed two-point ver-
tex. As usually, a kernel of our shadow field vertex gives a
correlation function of the conformal current.
ii) We study AdS/CFT correspondence for massless ar-
bitrary spin-s AdS field and boundary spin-s shadow field.
Namely, using the modified de Donder gauge condition for
AdS field, we demonstrate that the two-point gauge invariant
vertex of the shadow field does indeed emerge from mass-
less AdS field action when it is evaluated on solution of the
Dirichlet problem. AdS field action evaluated on solution of
the Dirichlet problem will be referred to as effective action
in this paper. We show that use of the modified de Donder
gauge provides considerable simplification when computing
the effective action.
iii) We show that the effective action of AdS massless
field leads to new interesting description of conformal field.
As compared to the standard approaches to conformal fields
[4, 5], our approach involves additional field D.o.F. and the
respective additional gauge symmetries which are realized as
the Stueckelberg gauge symmetries. We obtain very sim-
ple higher-derivative Lagrangian for conformal arbitrary spin
field. Using the Stueckelberg gauge frame, we demonstrate
that our Lagrangian is reduced to the standard Lagrangian of
the conformal field. We also obtain light-cone gauge fixed
Lagrangian of the conformal field.
The rest of the paper is organized as follows.
In Sec. II, we summarize the notation used in this paper
and review the standard approach to the conformal currents
and shadow fields. Also we briefly review the gauge invariant
approach developed in Ref.[1].
In Sec. III, we start with the examples of low-spin, s = 1, 2,
shadow fields. For these shadow fields, we obtain the gauge
invariant two-point vertices. Using the Stueckelberg gauge
frame, we show how our gauge invariant vertices are related
to the vertices appearing in the standard approach to CFT .
Light-cone gauge fixed vertices are also obtained.
Section IV is devoted to the study of the two-point vertex
for the arbitrary spin-s shadow field. In this section, we gen-
eralize results obtained in Sec. III to the case of the arbitrary
spin shadow field.
In Sec. V, we study AdS/CFT correspondence for low-
spin AdS massless fields and boundary shadow fields. One of
remarkable features of the modified de Donder gauge is that
the computation of the effective action for massless arbitrary
spin-s, s ≥ 1, AdS field subject to the modified de Donder
gauge is similar to the computation of the effective action for
a massive scalar AdS field. Therefore we begin with brief
review of the computation of the effective action for the mas-
sive scalar field. After that we proceed with the discussion
of the effective actions for the massless spin s = 1, 2, AdS
fields. We demonstrate that these effective actions coincide
with the respective gauge invariant two-point vertices for the
spin s = 1, 2 shadow fields.
Section VI is devoted to the study ofAdS/CFT correspon-
dence for massless arbitrary spin-s AdS field and boundary
arbitrary spin-s shadow field. In this section we generalize
results obtained in Sec. V to the case of arbitrary spin fields.
In Sec. VII, we deal with conformal fields. We start with
the examples of low-spin, s = 1, 2, conformal fields. For
these fields, we discuss our new Lagrangian and show how
this Lagrangian, taken in the Stueckelberg gauge frame, is re-
duced to the standard Lagrangian. Light-cone gauge fixed La-
grangian is also obtained. After that we discuss generalization
of these results to the case of arbitrary spin-s conformal field.
Section VIII summarizes our conclusions and suggests di-
rections for future research.
We collect various technical details in five appendices. In
Appendix A, we study restrictions imposed on the shadow
field two-point vertex by the Poincare´ algebra symmetries, di-
latation symmetry, and the shadow field gauge symmetries.
We demonstrate that these restrictions allow us to determine
the vertex uniquely. Invariance of the two-point gauge in-
variant vertex under the conformal boost transformations is
demonstrated in Appendix B. In Appendix C, we present de-
tails of the derivation of the effective action. In Appendix D,
we derive CFT adapted Lagrangian for massless spin-1 and
spin-2 fields in AdSd+1. In Appendix E, we discuss some de-
tails of the derivation of normalization factor in the Dirichlet
problem.
II. PRELIMINARIES
A. Notation
Our conventions are as follows. xa denotes coordinates in
d-dimensional flat space-time, while ∂a denotes derivatives
with respect to xa, ∂a ≡ ∂/∂xa. Vector indices of the Lorentz
algebra so(d−1, 1) take the values a, b, c, e = 0, 1, . . . , d−1.
We use mostly positive flat metric tensor ηab. To simplify
our expressions we drop ηab in scalar products, i.e., we use
XaY a ≡ ηabXaY b.
We use a set of the creation operators αa, αz , and the re-
3spective set of annihilation operators α¯a, α¯z ,
[α¯a, αb] = ηab , [α¯z, αz ] = 1 , (2.1)
α¯a|0〉 = 0 , α¯z|0〉 = 0 , (2.2)
αa† = α¯a , αz† = α¯z . (2.3)
These operators will often be referred to as oscillators in what
follows.4 The oscillators αa, α¯a and αz , α¯z , transform in
the respective vector and scalar representations of the so(d −
1, 1) Lorentz algebra. Throughout this paper we use operators
constructed out of the derivatives and the oscillators,
✷ = ∂a∂a , α∂ = αa∂a , α¯∂ = α¯a∂a , (2.4)
α2 = αaαa , α¯2 = α¯aα¯a , (2.5)
Nα ≡ αaα¯a , Nz ≡ αzα¯z , (2.6)
Π[1,2] ≡ 1− α2 12(2Nα+d) α¯
2 . (2.7)
B. Global conformal symmetries
In d-dimensional flat space-time, the conformal algebra
so(d, 2) consists of translation generators P a, dilatation gen-
erator D, conformal boost generators Ka, and generators of
the so(d−1, 1) Lorentz algebra Jab. We assume the following
normalization for commutators of the conformal algebra:
[D,P a] = −P a , [P a, Jbc] = ηabP c − ηacP b, (2.8)
[D,Ka] = Ka , [Ka, Jbc] = ηabKc − ηacKb, (2.9)
[P a,Kb] = ηabD − Jab , (2.10)
[Jab, Jce] = ηbcJae + 3 terms . (2.11)
Let |φ〉 denotes conformal current (or shadow field) in flat
space-time of dimension d ≥ 4. Under conformal algebra
symmetries the |φ〉 transforms as
δGˆ|φ〉 = Gˆ|φ〉 , (2.12)
where realization of the conformal algebra generators Gˆ in
terms of differential operators takes the form
P a = ∂a , (2.13)
Jab = xa∂b − xb∂a +Mab , (2.14)
D = x∂ +∆ , (2.15)
Ka = Ka∆,M +R
a , (2.16)
4 We use oscillator formulation to handle the many indices appearing for
tensor fields (for recent discussion of oscillator formulation see [17].) In
a proper way, oscillators arise in the framework of world-line approach to
higher-spin fields (see e.g. [18, 19]).
and we use the notation
Ka∆,M ≡ −
1
2
x2∂a + xaD +Mabxb , (2.17)
x∂ ≡ xa∂a , x2 = xaxa . (2.18)
In (2.14)-(2.16), ∆ is operator of conformal dimension, Mab
is spin operator of the Lorentz algebra,
[Mab,M ce] = ηbcMae + 3 terms . (2.19)
For arbitrary spin conformal currents and shadow field studied
in this paper, oscillator representation of the Mab takes the
form
Mab ≡ αaα¯b − αbα¯a . (2.20)
Ra is operator depending, in general, on derivatives with re-
spect to space-time coordinates5 and not depending on space-
time coordinates xa, [P a, Rb] = 0. In the standard formula-
tion of the conformal currents and shadow fields, the operator
Ra is equal to zero, while, in the gauge invariant approach,
the operator Ra turns out be nontrivial [1].
C. Standard approach to conformal currents and shadow
fields
We begin with brief review of the standard approach to con-
formal currents and shadow fields. To keep our presentation
as simple as possible we restrict our attention to the case of ar-
bitrary spin totally symmetric conformal currents and shadow
fields which have the appropriate canonical conformal dimen-
sions given below. In this section we recall main facts of con-
formal field theory about these currents and shadow fields.
Conformal current with the canonical conformal di-
mension. Consider totally symmetric rank-s tensor field
T a1...as of the Lorentz algebra so(d − 1, 1). The field is re-
ferred to as spin-s conformal current with canonical dimen-
sion if T a1...as satisfies the constraints
T aaa3...as = 0 , ∂aT aa2...as = 0 (2.21)
and has the conformal dimension6
∆ = s+ d− 2 , (2.22)
5 For the conformal currents and shadow fields studied in this paper, the
operator Ra does not depend on derivatives. Dependence on derivatives of
Ra appears e.g., in ordinary-derivative approach to conformal fields [20].
6 The fact that expression in r.h.s. of (2.22) is the lowest energy value of
totally symmetric spin-s massless fields propagating in AdSd+1 space
was demonstrated in Ref.[21]. Generalization of relation (2.22) to mixed-
symmetry fields in AdS may be found in Ref.[22].
4which is referred to as the canonical conformal dimension of
spin-s conformal current. Taking into account that the opera-
torRa of the conformal current T a1...as is equal to zero, using
the well-known spin operator Mab of the totally symmetric
traceless current T a1...as and ∆ in (2.22), one can make sure
that constraints (2.21) are invariant under conformal algebra
transformations (2.12).
Shadow field with the canonical conformal dimension.
Consider totally symmetric rank-s tensor field Φa1...as of the
Lorentz algebra so(d − 1, 1). The field Φa1...as is referred to
as shadow field if it meets the following requirements:
i) The field Φa1...as is traceless,
Φaaa3...as = 0 . (2.23)
ii) The field Φa1...as transforms under the conformal al-
gebra symmetries so that the following two point current-
shadow field interaction vertex
L =
1
s!
Φa1...asT a1...as (2.24)
is invariant (up to total derivative) under conformal algebra
transformations.
We now note that:
i) Conformal dimension of the spin-s shadow field given by
∆ = 2− s , (2.25)
is referred to as the canonical conformal dimension of spin-s
shadow field. The operator Ra of the shadow field Φa1...as is
equal to zero.
ii) Divergence-free constraint (2.21) and requirement for the
vertex L to be invariant imply that the shadow field is defined
by module of gauge transformation
δΦa1...as = Πtr∂(a1ξa2...as) , (2.26)
where ξa1...as−1 is traceless parameter of gauge transforma-
tion and the projector Πtr is inserted to respect tracelessness
constraint (2.23).
D. Gauge invariant approach to conformal currents and
shadow fields
We now briefly review the gauge invariant approach to
conformal currents and shadow fields developed in Ref.[1].
The gauge invariant approach to the conformal currents and
shadow fields can be summarized as follows.
i) To discuss the arbitrary spin-s conformal current and
spin-s shadow field we use the respective totally symmet-
ric so(d − 1, 1) Lorentz algebra tensor fields φa1...as′cur and
φ
a1...as′
sh , where s′ = 0, 1, . . . , s. For s′ ≥ 4, these fields
are restricted to be double-traceless,
φaabba5...as′cur = 0 , φ
aabba5...as′
sh = 0 . (2.27)
Conformal dimension of the field φa1...as′cur is equal to s′+d−2,
while conformal dimension of the field φa1...as′sh is equal to
2− s′.
ii) On space of the fields φa1...as′cur (and separately on space
of the fields φa1...as′sh ), we introduce new differential con-
straints, gauge transformations, and conformal algebra trans-
formations.
iii) The new differential constraints are invariant under the
gauge transformations and the conformal algebra transforma-
tions.
iv) The gauge symmetries and the new differential con-
straints make it possible to match our approach and the stan-
dard one, i.e., by appropriate gauge fixing of the Stueckelberg
fields and by solving some differential constraints (Stueckel-
berg gauge frame) we obtain standard formulation of the con-
formal currents and shadow fields.
For the spin-s conformal current, use of the Stueckelberg
gauge frame leads to φa1...as′cur = 0 for s′ = 0, 1, . . . , s−1 and
divergence-free and tracelessness constraint for φa1...ascur ,
∂aφaa2...ascur = 0 , φ
aaa3...as
cur = 0 . (2.28)
We see that, in the Stueckelberg gauge frame, our field φa1...ascur
can be identified with the current T a1...as (2.21), i.e. our ap-
proach reduces to the standard one.
For the spin-s shadow field, use of the Stueckelberg gauge
frame leads to tracelessness constraint for the field φa1...assh ,
φaaa3...assh = 0 , (2.29)
and this field is not subject to any differential constraint. Also,
the Stueckelberg gauge frame makes it possible to express
the fields φa1...as′sh , s′ = 0, 1, . . . , s − 1, in terms of the field
φa1...assh , i.e., we are left with one traceless field φ
a1...as
sh , which
can be identified with the shadow field Φa1...as of the standard
approach to CFT .
Summary of the gauge invariant approach to the low-spin,
s = 1, 2 conformal currents and shadow fields is given in
Table I.
5Table I. In the Table, we present the field contents, conformal dimensions, differential constraints, gauge trans-
formations and transformations under operator Ra entering the gauge invariant approach of the low-spin, s = 1, 2
conformal currents and shadow fields. The operators Ra enter conformal boost transformations given in (2.16).
Field Conf. Differential Gauge Action of
cont. dim. constraint transformation operator Ra
spin-1 current
φacur d− 1 δφacur = ∂aξcur Raφbcur = (2− d)ηabφcur
∂aφacur + ✷φcur = 0
φcur d− 2 δφcur = −ξcur Raφcur = 0
spin-1 shadow field
φash 1 δφ
a
sh = ∂
aξsh R
aφbsh = 0
∂aφash + φsh = 0
φsh 2 δφsh = −✷ξsh Raφsh = (d− 2)φash
spin-2 current
φabcur d ∂
bφabcur − 12∂aφbbcur + ✷φacur = 0 δφabcur = ∂aξbcur + ∂bξacur Raφbccur = 2ηbcφacur
∂aφacur +
1
2
φaacur + u✷φcur = 0 +
2
d−2
ηab✷ξcur −d(ηabφccur + ηacφbcur)
u ≡ √2
(
d−1
d−2
)1/2
φacur d− 1 δφacur = ∂aξcur − ξacur Raφbcur = −
√
2(d− 1)(d− 2)ηabφcur
φcur d− 2 δφcur = −uξcur Raφcur = 0
spin-2 shadow field
φabsh 0 ∂
bφabsh − 12∂aφbbsh + φash = 0 δφabsh = ∂aξbsh + ∂bξash + 2d−2ηabξsh Raφbcsh = 0
φash 1 ∂
aφash +
1
2
✷φaash + uφsh = 0 δφ
a
sh = ∂
aξsh −✷ξash Raφbsh = dφabsh − ηabφccsh
φsh 2 u ≡
(
2 d−1
d−2
)1/2
δφsh = −u✷ξsh Raφsh =
√
2(d− 1)(d− 2)φash
6Table II. In the Table, we present the field contents, conformal dimensions, differential constraints, gauge trans-
formations and the operators Ra entering the gauge invariant approach of arbitrary spin-s conformal currents and
shadow fields. The operators Ra enter conformal boost transformations given in (2.16).
Field Conformal Differential Gauge Operator
content dimension constraint transformation Ra
spin-s current
C¯cur|φcur〉 = 0 , δ|φcur〉 =
(
α∂ − e1,cur Ra = r¯
(
αa − α2 1
2Nα+d−2
α¯a
|φcur〉 s+ d C¯cur = α¯∂ − 12α∂α¯2 − α
2
2s+d−6−2Nz
e¯1,cur✷
)
|ξcur〉 , +α2 2(2Nα+d−2)(2Nα+d) C¯
a
⊥
)
,
−2−Nz −e¯1,curΠ[1,2]✷+ 12e1,curα¯2 e1,cur = αz e˜1 , e¯1,cur = −e˜1α¯z r¯ ≡ −
√
2s+ d− 4−Nz
×√2s+ d− 4− 2Nzα¯z
spin-s shadow field
C¯sh|φsh〉 = 0 , δ|φsh〉 =
(
α∂ − e1,sh✷ Ra = r
(
α¯a − αa 1
2Nα+d
α¯2
)
,
|φsh〉 2− s+Nz C¯sh = α¯∂ − 12α∂α¯2 − α
2
2s+d−6−2Nz
e¯1,sh
)
|ξsh〉 , r ≡ αz
√
2s+ d− 4−Nz
−e¯1,shΠ[1,2] + 12e1,shα¯2✷ e1,sh = αz e˜1 , e¯1,sh = −e˜1α¯z ×
√
2s + d− 4− 2Nz
C¯a⊥ ≡ α¯a − 12αaα¯2, Π[1,2] ≡ 1− α2 12(2Nα+d) α¯
2
, e˜1 ≡
(
2s+d−4−Nz
2s+d−4−2Nz
)1/2
To simplify presentation of the gauge invariant approach to
the arbitrary spin-s conformal current and shadow field we
use oscillators (2.1) and introduce the respective ket-vectors
|φcur〉 and |φsh〉 defined by
|φcur〉 ≡
s∑
s′=0
αs−s
′
z |φcur, s′〉 ,
|φcur, s′〉 ≡
αa1 . . . αas′
s′!
√
(s− s′)!
φa1...as′cur |0〉 , (2.30)
|φsh〉 ≡
s∑
s′=0
αs−s
′
z |φsh, s′〉 ,
|φsh, s′〉 ≡
αa1 . . . αas′
s′!
√
(s− s′)!
φ
a1...as′
sh |0〉 . (2.31)
To describe gauge symmetries of the arbitrary spin-s con-
formal current and spin-s shadow field we use gauge transfor-
mation parameters which are the respective totally symmetric
so(d−1, 1)Lorentz algebra tensor fields ξa1...as′cur and ξa1...as′sh ,
where s′ = 0, 1, . . . , s− 1. For s′ ≥ 2, these gauge transfor-
mation parameters are restricted to be traceless,
ξaaa3...as′cur = 0 , ξ
aaa3...as′
sh = 0 . (2.32)
Again, to simplify presentation of result, we collect the gauge
transformation parameters in the respective ket-vectors |ξcur〉
and |ξsh〉 defined by
|ξcur〉 ≡
s−1∑
s′=0
αs−1−s
′
z |ξcur, s′〉 ,
|ξcur, s′〉 ≡
αa1 . . . αas′
s′!
√
(s− 1− s′)!
ξa1...as′cur |0〉 , (2.33)
|ξsh〉 ≡
s−1∑
s′=0
αs−1−s
′
z |ξsh, s′〉 ,
|ξsh, s′〉 ≡
αa1 . . . αas′
s′!
√
(s− 1− s′)!
ξ
a1...as′
sh |0〉 . (2.34)
With these conventions for the ket-vectors, summary of our
study of gauge invariant approach to the arbitrary spin-s con-
formal current and shadow field is given in Table II.
7III. GAUGE INVARIANT TWO-POINT VERTEX FOR
LOW-SPIN SHADOW FIELDS
We now discuss shadow field two-point vertex. In the
gauge invariant approach, the vertex is determined by requir-
ing the vertex to be invariant under gauge transformations of
the shadow field. Also, the vertex should be invariant un-
der conformal algebra transformations. We consider the two-
point vertices for spin-1, spin-2, and arbitrary spin-s shadow
fields in turn.
A. Gauge invariant two-point vertex for spin-1 shadow field
We begin with the discussion of the two-point vertex for the
spin-1 shadow field. This simplest example demonstrates all
characteristic features of our approach. In the gauge invariant
approach, the spin-1 shadow field is described by vector field
φash and scalar field φsh (see Table I). The gauge invariant two-
point vertex we find takes the form
Γ =
∫
ddx1d
dx2Γ12 , (3.1)
Γ12 =
φash(x1)φ
a
sh(x2)
2|x12|2(d−1)
+
1
4(d− 2)2
φsh(x1)φsh(x2)
|x12|2(d−2)
, (3.2)
|x12|
2 ≡ xa12x
a
12 , x
a
12 = x
a
1 − x
a
2 . (3.3)
One can check that this vertex is invariant under the gauge
transformations of the spin-1 shadow field given in Table I.
The vertex is obviously invariant with respect to the Poincare´
algebra and dilatation symmetries. Also, using the operator
Ra given in Table I, we check that the vertex is invariant under
the conformal boost transformations.
The kernel of the vertex Γ is related to a two-point correla-
tion function of the spin-1 conformal current. In our approach,
the spin-1 conformal current is described by gauge fields φacur,
φcur (see Table I). Therefore, in order to discuss correlation
functions of the fields φacur, φcur in a proper way, we should
impose gauge condition on the fields φacur, φcur.7 The two-
point correlation functions of gauge fixed fields φacur, φcur are
obtained from the kernel of the two-point vertex Γ taken to
be in appropriate gauge frame. To explain what has just been
said we discuss two gauge conditions which can be used for
studying the correlations functions - Stueckelberg gauge and
7 We note that, in the gauge invariant approach, correlation functions of
the conformal current can be studied without gauge fixing. To do that one
needs to construct gauge invariant field strengths for the gauge potentials
φacur, φcur. Study of field strengths for the conformal currents is beyond
the scope of this paper.
light-cone gauge. We would like to discuss these gauges be-
cause of the following reasons.
i) As we have said, the Stueckelberg gauge reduces our ap-
proach to the standard formulation ofCFT . Therefore the use
of the Stueckelberg gauge allows us to demonstrate how the
standard two-point correlation function of the spin-1 confor-
mal current is obtained from the kernel of our gauge invariant
two-point vertex Γ.
ii) Motivation for considering the light-cone gauge vertex
cames from conjectured duality of the free large N conformal
N = 4 SYM theory and the theory of massless higher-spin
AdS fields [23].8 On the one hand, one expects that mass-
less higher-spin AdS fields appear in the tensionless limit of
AdS string. On the other hand, by analogy with flat space,
we expect that a quantization of the Green-Schwarz AdS su-
perstring [28] will be straightforward only in the light-cone
gauge [29, 30]. As we shall demonstrate in Sec. V, cor-
relation function of the arbitrary spin-s conformal current is
obtained from the effective action of massless arbitrary spin-
s AdS field. Therefore it seems that from the stringy per-
spective of AdS/CFT correspondence, light-cone approach
to CFT is the fruitful direction to go.
We now discuss the Stueckelberg gauge and light-cone
gauge in turn.
Stueckelberg gauge frame two-point vertex. We begin
with the discussion of Stueckelberg gauge fixed two-point ver-
tex of the spin-1 shadow field, i.e. we relate our vertex with
the one in the standard approach to CFT . In general, Stueck-
elberg gauge frame is achieved through the use of the Stueck-
elberg gauge and differential constraints. The gauge invari-
ant approach to the spin-1 shadow field does not involve the
Stueckelberg gauge symmetries. This implies that we should
just solve the differential constraint which is given in Table
I, ∂aφash + φsh = 0. Solution to this constraint is obvious,
φsh = −∂aφash. Plugging this φsh into (3.2) and ignoring the
total derivative, we find that two-point density Γ12 (3.2) takes
the following form:
ΓStuck.g.fram12 = k1Γ
stand
12 , (3.4)
Γstand12 =
φash(x1)O
ab
12φ
b
sh(x2)
|x12|2(d−1)
, (3.5)
Oab12 ≡ η
ab −
2xa12x
b
12
|x12|2
, (3.6)
k1 ≡
d− 1
2(d− 2)
, (3.7)
8 Discussion of this theme in the context of various limits in AdS super-
string may be found in [24]-[27].
8where Γstand12 (3.5) stands for the two-point vertex of the spin-
1 shadow field in the standard approach to CFT . From (3.4),
we see that our gauge invariant vertex taken to be in the
Stueckelberg gauge frame coincides, up to normalization fac-
tor k1, with the two-point vertex in the standard approach to
CFT . As is well known, Γstand12 (3.5) is invariant under gauge
transformation appearing in the standard approach to CFT ,
δφash = ∂
aξsh . (3.8)
The kernel of vertex Γstand (3.5) defines a correlation func-
tion of the spin-1 conformal current taken to be in the Stueck-
elberg gauge frame. This is to say that the gauge invariant
approach to the spin-1 conformal current involves the Stueck-
elberg gauge symmetry associated with the gauge transforma-
tion parameter ξcur (see Table I). This symmetry allows us to
gauge away the scalar field φcur by imposing the Stueckelberg
gauge φcur = 0. Thus, in the Stueckelberg gauge frame, we
are left with divergence-free vector field φacur. Two-point cor-
relation function of this vector field is given by the kernel of
vertex Γstand (3.5),
〈φacur(x1), φ
b
cur(x2)〉 =
Oab12
|x12|2(d−1)
. (3.9)
Light-cone gauge two-point vertex. Light-cone gauge
frame is achieved through the use of the light-cone gauge and
differential constraints. Taking into account the gauge trans-
formation of the field φash (see Table I), we impose the light-
cone gauge condition,9
φ+sh = 0 . (3.10)
Plugging this gauge condition in the differential constraint for
spin-1 shadow field (see Table I) we obtain solution for φ−sh,
φ−sh = −
∂j
∂+
φjsh −
1
∂+
φsh . (3.11)
We see that we are left with vector field φish and scalar field
φsh. These fields constitute the field content of the light-cone
gauge frame. Note that, in contrast to the Stueckelberg gauge
frame, the scalar field φsh becomes an independent field D.o.F
in the light-cone gauge frame.
Using (3.10) in (3.2) leads to light-cone gauge fixed vertex
Γ
(l.c.)
12 =
φish(x1)φ
i
sh(x2)
2|x12|2(d−1)
+
1
4(d− 2)2
φsh(x1)φsh(x2)
|x12|2(d−2)
.
(3.12)
9 In light-cone frame, space-time coordinates are decomposed as xa =
x+, x−, xi, where light-cone coordinates in ± directions are defined as
x± = (xd−1±x0)/√2 and x+ is taken to be a light-cone time. so(d−2)
algebra vector indices take values i, j = 1, . . . , d− 2. We adopt the con-
ventions: ∂i = ∂i ≡ ∂/∂xi, ∂± = ∂∓ ≡ ∂/∂x∓.
We note that, as in the case of gauge invariant vertex (3.2),
light-cone vertex (3.12) is diagonal with respect to the fields
φish and φsh. Note however that, in contrast to the gauge in-
variant vertex, the light-cone vertex is constructed out of the
fields which are not subject to any constraints.
The kernel of the light-cone vertex gives two-point corre-
lation function of spin-1 conformal current taken to be in the
light-cone gauge. This is to say that, using the gauge symme-
try of the spin-1 conformal current (see Table I), we impose
light-cone gauge on the field φacur,
φ+cur = 0 . (3.13)
Using this gauge condition in the differential constraint for the
conformal spin-1 current (see Table I), we find
φ−cur = −
∂j
∂+
φjcur −
✷
∂+
φcur . (3.14)
We see that we are left with vector field φicur and scalar field
φcur. These fields constitute the field content of the light-cone
gauge frame. Defining two-point correlation functions of the
fields φicur, φcur in a usual way,
〈φicur(x1), φ
j
cur(x2)〉 =
δ2Γ(l.c.)
δφish(x1)δφ
j
sh(x2)
, (3.15)
〈φcur(x1), φcur(x2)〉 =
δ2Γ(l.c.)
δφsh(x1)δφsh(x2)
, (3.16)
and using (3.12), we obtain the two-point light-cone gauge
correlation functions of the spin-1 conformal field,
〈φicur(x1), φ
j
cur(x2)〉 = δ
ij |x12|
−2(d−1) , (3.17)
〈φcur(x1), φcur(x2)〉 =
1
2(d− 2)2
|x12|
−2(d−2) . (3.18)
B. Gauge invariant two-point vertex for spin-2 shadow field
We proceed with the discussion of two-point vertex for
spin-2 shadow field. As compared to the spin-1 shadow field,
this important case demonstrates some new features of our
approach. In the gauge invariant approach, the spin-2 shadow
field is described by rank-2 tensor field φabsh , vector field φash,
and scalar field φsh. Note that the tensor field φabsh is not trace-
less. The gauge invariant two-point vertex we find takes the
form given (3.1), where the two-point density Γ12 is given by
Γ12 =
1
4|x12|2d
(
φabsh(x1)φ
ab
sh(x2)−
1
2
φaash (x1)φ
bb
sh(x2)
)
+
1
4d(d− 1)
φash(x1)φ
a
sh(x2)
|x12|2(d−1)
+
1
8d(d− 1)(d− 2)2
φsh(x1)φsh(x2)
|x12|2(d−2)
. (3.19)
9One can check that this vertex is invariant under the gauge
transformations of the spin-2 shadow field given in Table I.
Also, using the operator Ra given in Table I, we check that
the vertex is invariant under conformal boost transformations.
Remarkable feature of the vertex is its diagonal form with re-
spect to the fields φabsh , φash, and φsh.
We now discuss Stueckelberg gauge and light-cone gauge
fixed vertices in turn.
Stueckelberg gauge frame two-point vertex. As we have
said, the standard approach to CFT is obtained from our
approach by using the Stueckelberg gauge frame. There-
fore to illustrate our approach, we begin with the discus-
sion of Stueckelberg gauge fixed two-point vertex of the spin-
2 shadow field. The Stueckelberg gauge frame is achieved
through the use of the Stueckelberg gauge and differential
constraints. From the gauge transformations of the spin-2
shadow field given in Table I, we see that the trace of the
rank-2 tensor field φabsh transforms as the Stueckelberg field,
i.e., φaash can be gauged away via the Stueckelberg gauge fix-
ing,
φaash = 0 . (3.20)
Gauge condition (3.20) leads to traceless field φabsh which can
be identified with the shadow field of the standard approach
to CFT . Taking into account (3.20), we solve the differential
constraints for the spin-2 shadow field (see Table I) to express
the fields φash and φsh in terms of the traceless tensor field φabsh ,
φash = −∂
bφabsh , (3.21)
φsh =
1
u
∂a∂bφabsh , (3.22)
u ≡
(
2
d− 1
d− 2
)1/2
. (3.23)
Relations (3.20)-(3.22) provide complete description of the
Stueckelberg gauge frame for the spin-2 shadow field. Plug-
ging (3.20)-(3.22) in (3.19) and ignoring the total derivative,
we find that our two-point density Γ12 (3.19) takes the follow-
ing form:
ΓStuck.g.fram12 = k2Γ
stand
12 , (3.24)
Γstand12 = φ
a1a2
sh (x1)
Oa1b112 O
a2b2
12
|x12|2d
φb1b2sh (x2) , (3.25)
k2 ≡
d+ 1
4(d− 1)
, (3.26)
where Oab12 is defined in (3.6), while Γstand12 (3.25) stands for
the two-point vertex of the spin-2 shadow field in the stan-
dard approach to CFT . From (3.24), we see that our gauge
invariant vertex taken to be in the Stueckelberg gauge frame
coincides, up to normalization factor k2, with the two-point
vertex in the standard approach to CFT . We note that Γstand12
(3.25) is invariant under gauge transformation appearing in
the standard approach to CFT ,
δφabsh = ∂
aξbsh + ∂
bξash −
2
d
ηab∂cξcsh . (3.27)
The kernel of vertex Γstand (3.25) defines two-point cor-
relation function of the spin-2 conformal current taken to
be in the Stueckelberg gauge frame. This is to say that the
gauge invariant approach to the spin-2 conformal current in-
volves the Stueckelberg gauge symmetries associated with
the gauge transformation parameters ξacur, ξcur (see Table I).
These symmetries allow us to gauge away the vector field φacur
and the scalar field φcur by imposing the Stueckelberg gauge
φacur = 0, φcur = 0. After that, the differential constraints
lead to traceless divergence-free tensor field φabcur. Two-point
correlation function of this tensor field is given by the kernel
of vertex Γstand (3.25).
Light-cone gauge two-point vertex. We now consider
light-cone gauge fixed vertex. In our approach, the light-
cone gauge frame is achieved through the use of the light-
cone gauge and differential constraints. Taking into account
the gauge transformations of the fields φabsh , φash (see Table I),
we impose the light-cone gauge condition,
φ+ash = 0 , φ
+
sh = 0 . (3.28)
Plugging this gauge condition in the differential constraints
for the spin-2 shadow field (see Table I) we find ,
φiish = 0 , (3.29)
φ−ish = −
∂j
∂+
φijsh −
1
∂+
φish , (3.30)
φ−sh = −
∂j
∂+
φjsh −
u
∂+
φsh , (3.31)
φ−−sh =
∂i∂j
∂+∂+
φijsh +
2∂i
∂+∂+
φish +
u
∂+∂+
φsh . (3.32)
We see that we are left with the so(d − 2) algebra traceless
rank-2 tensor field φijsh, vector field φish, and scalar field φsh.
These fields constitute the field content of the light-cone gauge
frame. Note that, in contrast to the Stueckelberg gauge frame,
the vector field φish and the scalar field φsh become indepen-
dent field D.o.F in the light-cone gauge frame.
Using (3.28),(3.29) in (3.19) leads to light-cone gauge fixed
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vertex
Γ
(l.c.)
12 =
1
4|x12|2d
φijsh(x1)φ
ij
sh(x2)
+
1
4d(d− 1)
φish(x1)φ
i
sh(x2)
|x12|2(d−1)
+
1
8d(d− 1)(d− 2)2
φsh(x1)φsh(x2)
|x12|2(d−2)
. (3.33)
We see that, as in the case of gauge invariant vertex (3.19),
light-cone vertex (3.33) is diagonal with respect to the fields
φijsh, φ
i
sh and φsh. Note however that, in contrast to the gauge
invariant vertex, the light-cone vertex is constructed out of the
fields which are not subject to any differential constraints.
The kernel of light-cone vertex (3.33) gives two-point cor-
relation function of the spin-2 conformal current taken to be in
the light-cone gauge. This is to say that using the gauge trans-
formations of the fields φabcur, φacur (see Table I), we impose
the light-cone gauge condition,
φ+acur = 0 , φ
+
cur = 0 . (3.34)
Using this gauge condition in the differential constraints for
the conformal spin-2 current (see Table I), we find
φiicur = 0 , (3.35)
φ−icur = −
∂j
∂+
φijcur −
✷
∂+
φicur , (3.36)
φ−cur = −
∂j
∂+
φjcur −
u✷
∂+
φcur , (3.37)
φ−−cur =
∂i∂j
∂+∂+
φijcur +
2✷∂i
∂+∂+
φicur +
u✷2
∂+∂+
φcur . (3.38)
We see that we are left with traceless rank-2 tensor field φijcur,
vector field φicur and scalar field φcur. These fields constitute
the field content of the light-cone gauge frame.
Defining two-point correlation functions of the fields φijcur,
φicur, φcur as the second functional derivative ofΓ with respect
to the fields φijsh, φish, φsh we obtain
〈φijcur(x1), φ
kl
cur(x2)〉 =
1
2
|x12|
−2dΠij;kl , (3.39)
〈φicur(x1), φ
j
cur(x2)〉 =
|x12|−2(d−1)
2d(d− 1)
δij , (3.40)
〈φcur(x1), φcur(x2)〉 =
|x12|−2(d−2)
4d(d− 1)(d− 2)2
, (3.41)
where we use the notation
Πij;kl =
1
2
(
δikδjl + δilδjk −
2
d− 2
δijδkl
)
. (3.42)
IV. GAUGE INVARIANT TWO-POINT VERTEX FOR
ARBITRARY SPIN SHADOW FIELD
We now study two-point vertex for arbitrary spin-s shadow
field. In the gauge invariant approach, the spin-s shadow field
is described by totally symmetric so(d − 1, 1) Lorentz alge-
bra tensor fields φa1...as′sh , where s′ = 0, 1, . . . , s. For s′ ≥ 4,
these fields are restricted to be double-traceless (2.27). To dis-
cuss the two-point vertex it is convenient to collect the fields
φ
a1...as′
sh into ket -vector |φsh〉 as in (2.31). In terms of the
ket-vector |φsh〉 we find concise expression for the two-point
density Γ12,
Γ12 =
1
2
〈φsh(x1)|
µfν
|x12|2ν+d
|φsh(x2)〉 , (4.1)
µ ≡ 1−
1
4
α2α¯2 , (4.2)
fν =
Γ(ν + d2 )Γ(ν + 1)
4νs−νΓ(νs +
d
2 )Γ(νs + 1)
, (4.3)
ν = s+
d− 4
2
−Nz , (4.4)
νs ≡ s+
d− 4
2
, (4.5)
where Nz is defined in (2.6). We note that vertex Γ12 (4.1) is
invariant under gauge transformation of the shadow field |φsh〉
provided the shadow field satisfies the differential constraint.
The gauge transformation and the differential constraint are
given in Table II. The vertex is obviously invariant under the
Poincare´ algebra and dilatation symmetries. Details of the
derivation of vertex Γ12 (4.1) may be found in Appendix A.
Invariance of vertex (4.1) under the conformal boost transfor-
mations is demonstrated in Appendix B.
To illustrate structure of the vertex Γ12 we note that, in
terms of the tensor fields φa1...as′sh , vertex Γ12, (4.1) can be
represented as
Γ12 =
s∑
s′=0
Γ
(s′)
12 , (4.6)
Γ
(s′)
12 =
ws′
2|x12|2(s
′+d−2)
(
φ
a1...as′
sh (x1)φ
a1...as′
sh (x2)
−
s′(s′ − 1)
4
φ
aaa3...as′
sh (x1)φ
bba3...as′
sh (x2)
)
, (4.7)
ws′ =
Γ(s′ + d− 2)Γ(s′ + d−22 )
4s−s′s′!Γ(s+ d− 2)Γ(s+ d−22 )
. (4.8)
The kernel of the vertex Γ12 is related to correlation func-
tion of the spin-s conformal current which is described by
gauge fields φa1...as′cur , s′ = 0, 1, . . . , s. These gauge fields are
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collected in the ket-vector |φcur〉 (2.30). Using the Stueckel-
berg gauge and light-cone gauge, we now demonstrate rela-
tion of the conformal current correlation function to the gauge
fixed two-point vertex Γ.
Stueckelberg gauge frame two-point vertex. As we
have said, standard approach to CFT is obtained from our
approach by using the Stueckelberg gauge frame. There-
fore to illustrate our approach, we begin with the discus-
sion of Stueckelberg gauge fixed two-point vertex of the spin-
s shadow field. The Stueckelberg gauge frame is achieved
through the use of the Stueckelberg gauge and differential
constraints. Using the gauge transformations and differential
constraint of the spin-s shadow field given in Table II, one can
demonstrate that, in the Stueckelberg gauge frame, one has
the following relations:
α¯2|φsh, s′〉 = 0 , (4.9)
|φsh, s′〉 = Xs′(α¯∂)
s−s′ |φsh, s〉 , (4.10)
Xs′ ≡
(−)s−s
′
(s− s′)!
×
(2s−s′Γ(s+ s′ + d− 3)Γ(s+ d−22 )
Γ(2s+ d− 3)Γ(s′ + d−22 )
) 1
2
, (4.11)
s′ = 0, 1, . . . , s. Relation (4.9) tells us that all fields φa1...as′sh
are traceless, while from relation (4.10) we learn that the fields
φ
a1...as′
sh , with s′ = 0, 1, . . . , s− 1, can be expressed in terms
of the rank-s tensor field φa1...assh . Plugging (4.10) in (4.1) and
ignoring total derivative, we get
ΓStuck.g.fram12 = ksΓ
stand
12 (4.12)
Γstand12 = s!〈φsh, s(x1)|O12(α, α¯)|φsh, s(x2)〉 , (4.13)
O12(α, α¯) ≡
s∑
k=0
(−)k2k
k!
(αx12)
k(α¯x12)
k
|x12|2(s+d−2+k)
, (4.14)
ks ≡
2s+ d− 3
2s!(s+ d− 3)
, (4.15)
where αx12 = αaxa12, α¯x12 = α¯axa12 and Γstand12 in r.h.s. of
(4.12) stands for the two-point vertex of the spin-s shadow
field in the standard approach to CFT . Relation (4.13) pro-
vides oscillator representation for the Γstand12 . In terms of the
tensor field φa1...assh , vertex Γstand12 (4.13) can be represented
in the commonly used form,
Γstand12 = φ
a1...as
sh (x1)
Oa1b112 . . . O
asbs
12
|x12|2(s+d−2)
φb1...bssh (x2) ,
(4.16)
where Oab12 is defined in (3.6). From (4.12), we see that our
gauge invariant vertex Γ12 taken to be in the Stueckelberg
gauge frame coincides, up to normalization factor ks, with
the two-point vertex in the standard approach to CFT .
The kernel of vertex Γstand (4.16) defines two-point cor-
relation function of the spin-s conformal current taken to be
in the Stueckelberg gauge frame. This is to say that, in the
Stueckelberg gauge frame, we obtain φa1...as′cur = 0 for s′ =
0, 1, . . . , s − 1 and we are left with the traceless divergence-
free conformal current φa1...ascur . Two-point correlation func-
tion of this conformal current is given by the kernel of vertex
Γstand (4.16).
As a side of remark we note that Γstand12 (4.16) is invari-
ant under gauge transformation appearing in the standard ap-
proach to CFT ,
δφa1...assh = s!Π
tr∂(a1ξ
a2...as)
sh , (4.17)
where ξa1...as−1sh is traceless parameter of gauge transforma-
tion and the projector Πtr is inserted to respect tracelessness
constraint for the field φa1...assh .
Light-cone gauge two-point vertex. The light-cone gauge
frame is achieved through the use of the light-cone gauge and
differential constraints. We impose the conventional light-
cone gauge,
α¯+Π[1,2]|φsh〉 = 0 , (4.18)
where Π[1,2] is given in (2.7), and analyze the differential con-
straint for the spin-s shadow field |φsh〉 (see Table II). We find
that solution to the differential constraint can be expressed in
terms of light-cone ket-vector |φl.c.sh 〉,
|φsh〉 = exp
(
−
α+
∂+
(α¯i∂i − e¯1 sh)
)
|φl.c.sh 〉 , (4.19)
α¯iα¯i|φl.c.sh 〉 = 0 , (4.20)
where the light-cone ket-vector |φl.c.sh 〉 is obtained from |φsh〉
(2.31) by equating α+ = α− = 0,
|φl.c.sh 〉 = |φsh〉
∣∣∣
α+=α−=0
. (4.21)
We see that we are left with fields φi1...is′sh , s′ = 0, 1, . . . , s,
which are traceless so(d−2) algebra tensor fields, φiii3...is′sh =
0. These fields constitute the field content of the light-cone
gauge frame. Note that, in contrast to the Stueckelberg gauge
frame, the fields φi1...is′sh , with s′ = 0, 1, . . . , s − 1, become
independent field D.o.F in the light-cone gauge frame. Also
note that, in contrast to the gauge invariant approach, the fields
φ
i1...is′
sh , s
′ = 0, 1, . . . , s, are not subject to any differential
constraints.
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Using (4.19),(4.20) in (4.1) leads to light-cone gauge fixed
vertex
Γl.c.12 =
1
2
〈φl.c.sh (x1)|
fν
|x12|2ν+d
|φl.c.sh (x2)〉 , (4.22)
where fν is defined in (4.3).
To illustrate the structure of vertex Γl.c.12 (4.22) we note that,
in terms of the fields φi1...is′sh , the vertex can be represented as
Γl.c.12 =
s∑
s′=0
Γ
(s′) l.c.
12 , (4.23)
Γ
(s′) l.c.
12 =
ws′
2|x12|2(s
′+d−2)
φ
i1...is′
sh (x1)φ
i1...is′
sh (x2) , (4.24)
where ws′ is given in (4.8). We see that, as in the case of
gauge invariant vertex, light-cone vertex (4.22) is diagonal
with respect to the light-cone fields φi1...is′sh , s′ = 0, 1, . . . , s.
Note however that, in contrast to the gauge invariant vertex,
the light-cone vertex is constructed out of the light-cone fields
which are not subject to any differential constraints.
As usually, the kernel of light-cone vertex (4.22) gives
two-point correlation function of the spin-s conformal current
taken to be in the light-cone gauge. This is to say that using
gauge symmetry of the spin-s conformal current (see Table
II) we impose light-cone gauge condition on the ket-vector
|φcur〉,
α¯+Π[1,2]|φcur〉 = 0 , (4.25)
where Π[1,2] is given in (2.7). Using this gauge condition in
the differential constraint for the conformal spin-s current (see
Table II), we find
|φcur〉 = exp
(
−
α+
∂+
(α¯i∂i − e¯1 cur✷)
)
|φl.c.cur〉 , (4.26)
α¯iα¯i|φl.c.cur〉 = 0 , (4.27)
where a light-cone ket-vector |φl.c.cur〉 is obtained from |φcur〉
(2.30) by equating α+ = α− = 0,
|φl.c.cur〉 = |φcur〉
∣∣∣
α+=α−=0
. (4.28)
We see that we are left with light-cone fields φi1...is′cur , s′ =
0, 1, . . . , s, which are traceless tensor fields of so(d − 2) al-
gebra, φiii3...is′cur = 0. These fields constitute the field con-
tent of the light-cone gauge frame. Note that, in contrast
to the Stueckelberg gauge frame, the fields φi1...is′cur , with
s′ = 0, 1, . . . , s − 1, are not equal to zero. Also note that,
in contrast to the gauge invariant approach, the fields φi1...is′cur ,
s′ = 0, 1, . . . , s, are not subject to any differential constraints.
Defining two-point correlation functions of the fields
φ
i1...is′
cur , as the second functional derivative of Γ with the re-
spect to the shadow fields φi1...is′sh , we obtain the following
correlation functions:
〈φi1...is′cur (x1), φ
j1...js′
cur (x2)〉
=
ws′
|x12|2(s
′+d−2)
Πi1...is′ ;j1...js′ , (4.29)
s′ = 0, 1, . . . , s, where ws′ is defined in (4.8) and
Πi1...is′ ;j1...js′ stands for the projector on traceless spin-s′ ten-
sor field of the so(d−2) algebra. Explicit form of the projector
may be found e.g. in Ref.[31].
V. ADS/CFT CORRESPONDENCE
We now apply our results to the study of AdS/CFT cor-
respondence for free massless arbitrary spin AdS fields and
boundary shadow fields. To this end we use the gauge in-
variant CFT adapted description of AdS massless fields and
modified (Lorentz) de Donder gauge found in Ref.[32]10. Our
massless fields are obtained from Fronsdal fields by the invert-
ible transformation which is described in Sec.V in Ref.[32]. It
is the use of our fields and the modified (Lorentz) de Donder
gauge that leads to decoupled form of gauge fixed equations
of motion and surprisingly simple Lagrangian. Owing these
properties of our fields and the modified (Lorentz) de Donder
gauge, it is possible to simplify significantly the computation
of the effective action. We remind that the bulk action eval-
uated on solution of the Dirichlet problem is referred to as
effective action in this paper. Note also that, from the very
beginning, our CFT adapted gauge invariant Lagrangian is
formulated in the Poincare´ parametrization of AdS space,
ds2 =
1
z2
(dxadxa + dz dz) . (5.1)
Therefore our Lagrangian is explicitly invariant with respect
to boundary Poincare´ symmetries, i.e., manifest symmetries
of our Lagrangian are adapted to manifest symmetries of
boundary CFT .
In this Section, using the modified (Lorentz) de Donder
gauge, we are going to demonstrate that action of massless
spin-s AdS field, when it is evaluated on solution of equa-
tions of motion with the Dirichlet problem corresponding to
the boundary shadow field, is equal, up to normalization fac-
tor, to the gauge invariant two-point vertex of spin-s shadow
field which was obtained in Secs. III and IV. Also we find the
normalization factor.
10 Remarkable feature of our approach is that it can be generalized to the
case of massive fields in a relatively straightforward way. This can be
done by using CFT adapted approach to massive AdS fields developed
in Ref.[33].
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The modified (Lorentz) de Donder gauge is invariant under
the on-shell leftover gauge symmetries of bulk AdS fields.
Note however that, in our approach, we have gauge symme-
tries not only at AdS side, but also at the boundary CFT .11
These gauge symmetries are also related via AdS/CFT cor-
respondence. Namely, in Ref.[1], we demonstrated that the
on-shell leftover gauge symmetries of non-normalizable so-
lutions of bulk AdS fields match with the gauge symmetries
of shadow fields. It is this matching of on-shell leftover gauge
symmetries of non-normalizable solutions and the gauge sym-
metries of shadow fields that explains why the effective action
coincides with the gauge invariant two-point vertex of shadow
field.
A. AdS/CFT correspondence for scalar field
Action of arbitrary spin AdS field taken to be in the mod-
ified (Lorentz) de Donder gauge is similar to the action for
a massive scalar AdS field. In fact, this is main advantage
of using the modified (Lorentz) de Donder gauge condition.
Therefore we begin with brief review of the computation of
the effective action for massive scalar field.
Action and Lagrangian for the massive scalar field in
AdSd+1 background take the form12
S =
∫
ddxdz L , (5.2)
L =
1
2
√
|g|
(
gµν∂µΦ∂νΦ+m
2Φ2
)
. (5.3)
In terms of the canonical normalized field φ defined by
Φ = z
d−1
2 φ , (5.4)
the Lagrangian takes the form (up to total derivative)
L =
1
2
|dφ|2 +
1
2
|Tν− 12φ|
2 , (5.5)
|dφ|2 ≡ ∂aφ∂aφ, where we use the notation
Tν ≡ ∂z +
ν
z
, (5.6)
ν =
√
m2 +
d2
4
. (5.7)
11 In the standard approach to CFT , only the shadow fields are transformed
under gauge transformations, while in our gauge invariant approach both
the currents and shadow fields are transformed under gauge transforma-
tions, i.e., our approach allows us to study the currents and shadow fields
on an equal footing.
12 In Secs. V and VI, we use the Euclidian signature.
We note that ν is related with the conformal dimension of
boundary conformal spin-0 current, φcur as
ν = ∆−
d
2
. (5.8)
We assume that ν > 0. Also note that, for massless scalar
field, m2 = (1− d2)/4.
Equations of motion obtained from Lagrangian (5.5) take
the form
✷νφ = 0 , (5.9)
✷ν ≡ ✷+ ∂
2
z −
1
z2
(ν2 −
1
4
) . (5.10)
It is easy to see that by using equations of motion (5.9) in
bulk action (5.2) with Lagrangian (5.5) we obtain the effective
action given by13
− Seff =
∫
ddxLeff
∣∣∣
z→0
, (5.11)
Leff =
1
2
φTν− 12φ . (5.12)
Following the procedure in [34], we note that solution of
equations (5.9) with the Dirichlet problem corresponding to
boundary shadow scalar field φsh takes the form
φ(x, z) = σ
∫
ddy Gν(x− y, z)φsh(y) , (5.13)
Gν(x, z) =
cνz
ν+ 12
(z2 + |x|2)ν+
d
2
, (5.14)
cν ≡
Γ(ν + d2 )
πd/2Γ(ν)
. (5.15)
To be flexible, we use normalization factor σ in (5.13). For the
case of scalar field, commonly used normalization in (5.13) is
achieved by setting σ = 1.
Using asymptotic behavior of the Green function
Gν(x, z)
z→0
−→ z−ν+
1
2 δd(x) , (5.16)
we find the asymptotic behavior of our solution
φ(x, z)
z→0
−→ z−ν+
1
2σφsh(x) . (5.17)
From this expression, we see that our solution has indeed
asymptotic behavior corresponding to the shadow scalar field.
13 Following commonly used setup, we consider solution of the Dirichlet
problem which tends to zero as z → ∞. Therefore, in (5.11), we ignore
contribution to Seff when z =∞.
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Plugging solution of the Dirichlet problem (5.13) into
(5.11), (5.12), we obtain the effective action
− Seff = νcνσ
2
∫
ddx1d
dx2
φsh(x1)φsh(x2)
|x12|2ν+d
. (5.18)
Plugging the commonly used value of σ, σ = 1, in (5.18),
we obtain the properly normalized effective action found in
Refs.[35, 36]. Note however that our Lagrangian (5.5) differs
from the one in Refs.[35, 36] by total derivative with respect to
the radial coordinate z, which gives nontrivial contribution to
the effective action. Coincidence of our result and the one in
Refs.[35, 36] is related to the fact that we fix boundary value
of the Dirichlet problem at z = 0, compute the effective ac-
tion at z = ǫ and then scale ǫ → 0 (see also Ref.[34]), while
authors of Refs.[35, 36] fix boundary value of the Dirichlet
problem at z = ǫ and, after computation of the effective ac-
tion, scale ǫ → 0. Interesting novelty of our computation,
as compared to the one in [34], is that we use Fourier trans-
form of the Green function. Details of our computation may
be found in Appendix C.
B. AdS/CFT correspondence for spin-1 field
We now discuss AdS/CFT correspondence for bulk mass-
less spin-1 AdS field and boundary spin-1 shadow field. To
this end we use CFT adapted gauge invariant Lagrangian and
the modified Lorentz gauge condition [12, 32, 33] (see Ap-
pendix D).14
In AdSd+1 space, the massless spin-1 field is described by
fields φa(x, z) and φ(x, z) which are the respective vector and
scalar fields of the so(d) algebra. CFT adapted gauge invari-
ant action and Lagrangian for these fields take the form,
S =
∫
ddxdz L , (5.19)
L =
1
2
|dφa|2 +
1
2
|dφ|2
+
1
2
|Tν1− 12φ
a|2 +
1
2
|Tν0− 12φ|
2 −
1
2
C2 , (5.20)
where we use the notation
C ≡ ∂aφa + T−ν1+ 12φ , (5.21)
ν1 =
d− 2
2
, ν0 =
d− 4
2
, (5.22)
14 Discussion of AdS/CFT correspondence for spin-1 Maxwell field by us-
ing the radial gauge may be found in [34].
and Tν is given in (5.6). Lagrangian (5.20) is invariant under
gauge transformations
δφa = ∂aξ , (5.23)
δφ = Tν1− 12 ξ , (5.24)
where ξ is a gauge transformation parameter.
Gauge invariant equations of motion obtained from La-
grangian (5.20) take the form
✷ν1φ
a − ∂aC = 0 , (5.25)
✷ν0φ− Tν1− 12C = 0 , (5.26)
where the operator ✷ν and ν’s are given in (5.10) and
(5.22) respectively. We see that gauge invariant equa-
tions (5.25),(5.26) are coupled. Using equations of motion
(5.25),(5.26) in bulk action (5.19), we obtain the following
boundary effective action:
Seff = −
∫
ddxLeff
∣∣∣
z→0
, (5.27)
Leff =
1
2
φaTν1− 12φ
a +
1
2
φTν0− 12φ−
1
2
φC . (5.28)
Now we would like to demonstrate how use of the modified
Lorentz gauge condition provides considerable simplification
in solving the equations of motion and computing effective ac-
tion (5.27). To this end we note that it is the quantity C given
in (5.21) that defines the modified Lorentz gauge condition,
C = 0 , modified Lorentz gauge . (5.29)
Using this gauge condition in equations of motion
(5.25),(5.26) gives simple gauge fixed equations of mo-
tion,
✷ν1φ
a = 0 , (5.30)
✷ν0φ = 0 . (5.31)
Thus, we see that the gauge fixed equations of motions are
decoupled. Using modified Lorentz gauge (5.29) in (5.28),
we obtain
Leff
∣∣∣
C=0
=
1
2
φaTν1− 12φ
a +
1
2
φTν0− 12φ , (5.32)
i.e. we see that Leff is also simplified.
In order to find Seff we should solve equations of mo-
tion (5.30),(5.31) with the Dirichlet problem corresponding
to the boundary shadow field and plug the solution into
(5.27),(5.28). We now discuss solution of equations of mo-
tion (5.30),(5.31). Because equations of motion (5.30),(5.31)
are similar to the ones for scalarAdS field (5.9) we can simply
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apply result in Sec. V A. This is to say that solution of equa-
tions (5.30),(5.31) with the Dirichlet problem corresponding
to the spin-1 shadow field takes the form
φa(x, z) = σ1,ν1
∫
ddy Gν1(x − y, z)φ
a
sh(y) , (5.33)
φ(x, z) = σ1,ν0
∫
ddy Gν0(x − y, z)φsh(y) , (5.34)
σ1,ν1 = 1 , (5.35)
σ1,ν0 = −
1
d− 4
, (5.36)
where the Green function is given in (5.14). Note that coeffi-
cient σ1,ν0 (5.36) is singular when d = 4. In addition to this
singularity, there are other singularities when d is even integer
(see Appendix C). Therefore to keep the discussion from be-
coming unwieldy here and below we restrict our attention to
odd d. Note however that our results for the effective action
are still valid for the case of even d. This is to say that we can
simply use the dimensional regularization in the intermediate
formulas and scale d to even integer in final expression for
the effective action. Because massless higher-spin AdS fields
theory is available for arbitrary dimension d (see Ref.[37]) the
dimensional regularization seems to be promising method for
the study of massless higher-spin fields effective action.
Using asymptotic behavior of the Green function Gν given
in (5.16), we find the asymptotic behavior of our solution
φa(x, z)
z→0
−→ z−ν1+
1
2φash(x) , (5.37)
φ(x, z)
z→0
−→ −
z−ν0+
1
2
d− 4
φsh(x) . (5.38)
From these expressions, we see that our solution has indeed
asymptotic behavior corresponding to the spin-1 shadow field.
Note that because the solution has non-integrable asymptotic
behavior (5.37),(5.38), such solution is referred to as the non-
normalizable solution in the literature.
We now explain the choice of the normalization factors
σ1,ν1 , σ1,ν0 in (5.33)-(5.36). The choice of σ1,ν1 is a mat-
ter of convention. Following commonly used convention, we
set this coefficient to be equal to 1. The remaining normaliza-
tion factor σ1,ν0 is then determined uniquely by requiring that
the modified Lorentz gauge condition for the spin-1AdS field
(5.29) be amount to the differential constraint for the spin-1
shadow field (see Table I). With the choice made in (5.33)-
(5.36) we find the relations
∂aφa =
∫
ddy Gν1(x− y, z)∂
aφash(y) , (5.39)
T−ν1+ 12φ =
∫
ddy Gν1(x− y, z)φsh(y) . (5.40)
From these relations and (5.21), we see that our choice of
σ1,ν1 , σ1,ν0 (5.35),(5.36), allows us to match modified Lorentz
gauge for the spin-1 AdS field (5.29) and differential con-
straint for the spin-1 shadow field given in Table I.
All that remains to obtain Seff is to plug solution of the
Dirichlet problem for AdS fields, (5.33),(5.34) into (5.27),
(5.32). Using general formula given in (5.18), we obtain
− Seff = (d− 2)cν1Γ , (5.41)
cν1 =
Γ(d− 1)
πd/2Γ(d−22 )
, (5.42)
where Γ is gauge invariant two-point vertex of the spin-1
shadow field given in (3.1),(3.2).
Thus we see that imposing the modified Lorentz gauge on
the massless spin-1 AdS field and computing the bulk action
on the solution of equations of motion with the Dirichlet prob-
lem corresponding to the boundary shadow field we obtain the
gauge invariant two-point vertex of the spin-1 shadow field.
Because in the literature Seff is expressed in terms of two-
point vertex taken in the Stueckelberg gauge frame, Γstand
(3.5), we use (3.4) and represent our result (5.41) as
− Seff =
1
2
(d− 1)cν1Γ
stand . (5.43)
This relation, by using the radial gauge for AdS fields, was
obtained in Ref.[34]. The normalization factor in r.h.s. of
(5.43) was found in Ref.[36]. Note that we have obtained
more general relation given in (5.41), while relation (5.43) is
obtained from (5.43) by using the Stueckelberg gauge frame.
The fact that Seff is related to Γstand is expected because of
conformal symmetry. What is important for the systematical
study ofAdS/CFT correspondence is the computation of the
normalization factor in front of Γstand (5.43).
As a side of remark we note that the modified Lorentz gauge
and gauge-fixed equations have left-over on-shell gauge sym-
metry. Namely, modified Lorentz gauge (5.29) and gauge-
fixed equations (5.30), (5.31) are invariant under gauge trans-
formations given in (5.23), (5.24) provided the gauge trans-
formation parameter satisfies the equation
✷ν1ξ = 0 . (5.44)
Solution to this equation is given by
ξ(x, z) =
∫
ddy Gν1(x− y, z)ξsh(y) . (5.45)
Plugging this solution in (5.23),(5.24) we represent the gauge
transformations of φa(x, z) and φ(x, z) as
δφa =
∫
ddy Gν1(x− y, z)∂
aξsh(y) , (5.46)
δφ =
1
d− 4
∫
ddy Gν0(x− y, z)✷ξsh(y) . (5.47)
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Comparing (5.46),(5.47) with (5.33),(5.34), we see that the
on-shell left-over gauge symmetries of solution of the Dirich-
let problem for AdS spin-1 field amount to the gauge sym-
metries of the spin-1 shadow field (see Table I). It is this
matching of the on-shell leftover gauge symmetries of solu-
tions of the Dirichlet problem and the gauge symmetries of the
shadow field that explains why the effective action coincides
with the gauge invariant two-point vertex for the boundary
shadow field.
C. AdS/CFT correspondence for spin-2 field
We now proceed with the discussion of AdS/CFT corre-
spondence for bulk massless spin-2 AdS field and boundary
spin-2 shadow field. To this end we use CFT adapted gauge
invariant Lagrangian and modified de Donder gauge condition
for the massless spin-2 AdS field found in Ref.[32].15 We be-
gin therefore with the presentation of our result in Ref.[32].
Some helpful details of the derivation of the CFT adapted
Lagrangian for the massless spin-2 AdS field may be found
in Appendix D.
In AdSd+1 space, the massless spin-2 field is described by
fields φab(x, z), φa(x, z), φ(x, z). The field φab is rank-2 ten-
sor field of the so(d) algebra, while φa and φ are the respec-
tive vector and scalar fields of the so(d) algebra. The CFT
adapted gauge invariant Lagrangian for these fields takes the
form [32]
L =
1
4
|dφab|2 −
1
8
|dφaa|2 +
1
2
|dφa|2 +
1
2
|dφ|2
+
1
4
|Tν2− 12φ
ab|2 −
1
8
|Tν2− 12φ
aa|2
+
1
2
|Tν1− 12φ
a|2 +
1
2
|Tν0− 12φ|
2
−
1
2
CaCa −
1
2
C2 , (5.48)
where Tν is defined in (5.6) and we use the notation
Ca = ∂bφab −
1
2
∂aφbb + T−ν2+ 12φ
a , (5.49)
C = ∂aφa −
1
2
Tν2− 12φ
aa + uT−ν1+ 12φ , (5.50)
ν2 =
d
2
, ν1 =
d− 2
2
, ν0 =
d− 4
2
, (5.51)
u ≡
(
2
d− 1
d− 2
)1/2
. (5.52)
15 Discussion of AdS/CFT correspondence for massless spin-2 field taken
to be in the radial gauge may be found in [38–40].
Lagrangian (5.48) is invariant under the gauge transforma-
tions
δφab = ∂aξb + ∂bξa +
2
d− 2
ηabT−ν2+ 12 ξ , (5.53)
δφa = ∂aξ + Tν2− 12 ξ
a , (5.54)
δφ = uTν1− 12 ξ , (5.55)
where ξa, ξ are gauge transformation parameters.
Gauge invariant equations of motion obtained from La-
grangian (5.48) take the form
✷ν2φ
ab − ∂aCb − ∂bCb −
2ηab
d− 2
T−ν2+ 12C = 0 , (5.56)
✷ν1φ
a − ∂aC − Tν2− 12C
a = 0 , (5.57)
✷ν0φ− uTν1− 12C = 0 , (5.58)
where✷ν and ν’s are defined in (5.10) and (5.51) respectively.
We see that the gauge invariant equations of motion are cou-
pled.
Using equations of motion (5.56)-(5.58) in bulk action
(5.19) with Lagrangian (5.48), we obtain boundary effective
action (5.27) with Leff given by
Leff =
1
4
φabTν2− 12φ
ab −
1
8
φaaTν2− 12φ
bb
+
1
2
φaTν1− 12φ
a +
1
2
φTν0− 12φ
−
1
2
φaCa + (
1
4
φaa −
u
2
φ)C . (5.59)
Now we would like to demonstrate how use of the mod-
ified de Donder gauge condition provides considerable sim-
plification in solving the equations of motion and computing
effective action (5.27). To this end we note that it is the quan-
tities Ca, C given in (5.49),(5.50) that define the modified de
Donder gauge condition,
Ca = 0 , C = 0 modified de Donder gauge . (5.60)
Using this gauge condition in equations of motion (5.56)-
(5.58) gives the following surprisingly simple gauge fixed
equations of motion:
✷ν2φ
ab = 0 , (5.61)
✷ν1φ
a = 0 , (5.62)
✷ν0φ = 0 . (5.63)
Thus, we see that the gauge fixed equations of motions are
decoupled. Using modified de Donder gauge (5.60) in (5.59),
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we obtain
Leff
∣∣∣
Ca=0
C=0
=
1
4
φabTν2− 12φ
ab −
1
8
φaaTν2− 12φ
bb
+
1
2
φaTν1− 12φ
a +
1
2
φTν0− 12φ , (5.64)
i.e. we see that Leff is also simplified.
In order to find Seff we should solve equations of motion
(5.61)-(5.63) with the Dirichlet problem corresponding to the
boundary shadow field and plug the solution into Leff . To this
end we discuss solution of equations of motion (5.61)-(5.63).
Because our equations of motion take decoupled form and
similar to the equations of motion for the massive scalar AdS
field we can apply the procedure described in Sec. V A. Do-
ing so, we obtain solution of equation (5.61)-(5.63) with the
Dirichlet problem corresponding to the spin-2 shadow field,
φab(x, z) = σ2,ν2
∫
ddy Gν2(x− y, z)φ
ab
sh(y) , (5.65)
φa(x, z) = σ2,ν1
∫
ddy Gν1(x− y, z)φ
a
sh(y) , (5.66)
φ(x, z) = σ2,ν0
∫
ddy Gν0(x− y, z)φsh(y) , (5.67)
σ2,ν2 = 1 , (5.68)
σ2,ν1 = −
1
d− 2
, (5.69)
σ2,ν0 =
1
(d− 2)(d− 4)
, (5.70)
where the Green function Gν is given in (5.14), while ν’s are
defined in (5.51). Choice of normalization factor σ2,ν2 (5.68)
is a matter of convention. The remaining normalization fac-
tors σ2,ν1 , σ2,ν0 (5.69),(5.70) are uniquely determined by re-
quiring that modified de Donder gauge conditions (5.60) be
amount to the differential constraints for the spin-2 shadow
field (see Table I). The derivation of the normalization factor
σs,ν for arbitrary spin-s AdS field may be found in Appendix
E.
Using asymptotic behavior of the Green function given in
Gν (5.16), we find the asymptotic behavior of our solution
φab(x, z)
z→0
−→ z−ν2+
1
2φabsh(x) , (5.71)
φa(x, z)
z→0
−→ −
z−ν1+
1
2
d− 2
φash(x) , (5.72)
φ(x, z)
z→0
−→
z−ν0+
1
2
(d− 2)(d− 4)
φsh(x) . (5.73)
From these expressions, we see that our solution (5.65)-(5.67)
has indeed asymptotic behavior corresponding to the spin-2
shadow field.
Finally, to obtain the effective action we plug solution of
the Dirichlet problem forAdS fields, (5.65)-(5.67) into (5.27),
(5.64). Using general formula given in (5.18), we obtain
− Seff = dcν2Γ , (5.74)
cν2 =
Γ(d)
πd/2Γ(d2 )
, (5.75)
where Γ is gauge invariant two-point vertex of the spin-2
shadow field given in (3.1),(3.19).
To summarize, using the modified de Donder gauge for the
massless spin-2 AdS field and computing the bulk action on
solution of equations of motion with the Dirichlet problem
corresponding to the boundary shadow field we obtain the
gauge invariant two-point vertex of the spin-2 shadow field.
Because in the literature Seff is expressed in terms of two-
point vertex taken in the Stueckelberg gauge frame, Γstand12
(3.25), we use (3.24), (3.26) to represent our result (5.74) as
− Seff =
d(d+ 1)
4(d− 1)
cν2Γ
stand . (5.76)
This relation, by using the radial gauge for AdS fields, was
obtained in Ref.[38]. Note that we have obtained more gen-
eral relation given in (5.74), while relation (5.76) is obtained
from (5.74) by using the Stueckelberg gauge frame. The fact
that Seff is related to Γstand is expected because of the confor-
mal symmetry. What is important for the systematical study
of AdS/CFT correspondence is the computation of the nor-
malization factor in front of Γstand (5.76). We note that our
normalization factor in (5.76) coincides with the one found in
Ref.[38].
VI. ADS/CFT CORRESPONDENCE FOR ARBITRARY
SPIN FIELD
We proceed with the discussion of AdS/CFT correspon-
dence for bulk massless arbitrary spin-s AdS field and bound-
ary spin-s shadow field. To discuss the correspondence we use
theCFT adapted gauge invariant Lagrangian and modified de
Donder gauge condition for the massless arbitrary spin AdS
field found in Ref.[32]16. We begin therefore with the presen-
tation of our result in Ref.[32]17.
16 In light-cone gauge, AdS/CFT correspondence for arbitrary spin mass-
less AdSd+1 fields was studied in Ref.[12, 41]. Recent interesting appli-
cations of the standard de Donder-Feynman gauge to the various problems
of higher-spin fields may be found in Refs.[42–44]. We believe that our
modified de Donder gauge will also be useful for better understanding of
various aspects of AdS/QCD correspondence which are discussed e.g. in
[45]-[47].
17 Representation for the Lagrangian, which we use in this paper, is differ-
ent from the one given in Ref.[34]. Namely, in this paper, we use CFT
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In AdSd+1 space, massless spin-s field is described by the
following scalar, vector, and totally symmetric tensor fields of
the so(d) algebra:
φa1...as′ , s′ = 0, 1, . . . , s. (6.1)
The fields φa1...as′ with s′ ≥ 4 are double-traceless,18
φaabba5...as′ = 0 , s′ = 4, 5, . . . , s. (6.2)
In order to obtain the gauge invariant description in an
easy–to–use form we use the oscillators and introduce a ket-
vector |φ〉 defined by
|φ〉 ≡
s∑
s′=0
αs−s
′
z |φs′ 〉 ,
|φs′ 〉 ≡
αa1 . . . αas′
s′!
√
(s− s′)!
φa1...as′ |0〉 . (6.3)
From (6.3), we see that the ket-vector |φ〉 is degree-s ho-
mogeneous polynomial in the oscillators αa, αz , while the
ket-vector |φs′ 〉 is degree-s′ homogeneous polynomial in
the oscillators αa. In terms of the ket-vector |φ〉, double-
tracelessness constraint (6.2) takes the form
(α¯2)2|φ〉 = 0 . (6.4)
The CFT adapted gauge invariant Lagrangian is given by
L =
1
2
〈∂aφ|µ|∂aφ〉+
1
2
〈Tν− 12φ|µ|Tν− 12φ〉
−
1
2
〈C¯φ||C¯φ〉 , (6.5)
where Tν is defined in (5.6) and we use the notation
C¯ ≡ α¯∂ −
1
2
α∂α¯2 − e¯1Π
[1,2] +
1
2
e1α¯
2 , (6.6)
e1 = e1,1Tν− 12 , e¯1 = T−ν+ 12 e¯1,1 , (6.7)
e1,1 = −α
z e˜1 e¯1,1 = −e˜1α¯
z , (6.8)
e˜1 =
( 2s+ d− 4−Nz
2s+ d− 4− 2Nz
)1/2
, (6.9)
µ ≡ 1−
1
4
α2α¯2 , (6.10)
ν ≡ s+
d− 4
2
−Nz , (6.11)
adapted Lagrangian represented in terms of operator Tν . This operator was
introduced in Ref.[35].
18 In this paper, we adopt the formulation in terms of the double traceless
gauge fields [48]. Discussion of various formulations in terms of uncon-
strained gauge fields may be found in [49]-[53]. For recent review, see
[54]. Discussion of other formulations which seem to be most suitable for
the theory of interacting fields may be found e.g. in [55].
where Π[1,2] is given in (2.7). Lagrangian (6.5) is invariant
under the gauge transformation
δ|φ〉 = (α∂ − e1 − α
2 1
2Nα + d− 2
e¯1)|ξ〉 . (6.12)
In terms of the so(d) algebra tensor fields, the ket-vector |ξ〉
is represented as
|ξ〉 ≡
s−1∑
s′=0
αs−1−s
′
z |ξs′ 〉 , (6.13)
|ξs′〉 ≡
αa1 . . . αas′
s′!
√
(s− 1− s′)!
ξa1...as′ |0〉 , (6.14)
where gauge transformation parameters are traceless,
ξaaa3...as′ = 0 .
Gauge invariant equations of motion obtained from La-
grangian (6.5) take the form
µ✷ν |φ〉 − CC¯|φ〉 = 0 , (6.15)
where C is given by
C ≡ α∂ −
1
2
α2α¯∂ − e1Π
[1,2] +
1
2
e¯1α
2 . (6.16)
Note that for the derivation of equations of motion (6.15) we
use the relations C† = −C¯ and
T †
ν− 12
Tν− 12 = −∂
2
z +
1
z2
(ν2 −
1
4
) . (6.17)
Using equations of motion (6.15) in bulk action (5.19) with
Lagrangian (6.5), we obtain boundary effective action (5.27)
with the following Leff :
Leff =
1
2
〈φ|µ|Tν− 12φ〉
+ 〈(
1
4
e¯1,1 −
1
2
e1,1α¯
2)φ||C¯φ〉 . (6.18)
We now, as before, demonstrate how use of the modified de
Donder gauge condition provides considerable simplification
in solving equations of motion (6.15) and computing effective
action (5.27)19. To this end we note that it is the operator
C¯ given in (6.6) that defines the modified de Donder gauge
condition,
C¯|φ〉 = 0 , modified de Donder gauge . (6.19)
19 Powerful methods of solving AdS field equations of motion based on star
algebra products in auxiliary spinor variables are discussed in Refs.[56,
57]. One of interesting features of these methods is that they do not use
any gauge conditions when solving the equations of motion.
19
Using this gauge condition in (6.15) gives the following sur-
prisingly simple gauge fixed equations of motion:
✷ν |φ〉 = 0 , (6.20)
where ✷ν and ν are given in (5.10) and (6.11) respectively.
Note that for the derivation of Eq.(6.20) we use the fact that
kernel of operator µ (6.10) is trivial on space of the double-
traceless ket-vectors. Thus, we see that the modified de Don-
der gauge leads to the decoupled equations of motion.
Accordingly, using the modified de Donder gauge in (6.18)
leads to the simplified expression for Leff ,
Leff
∣∣∣
C¯|φ〉=0
=
1
2
〈φ|µ|Tν− 12φ〉 . (6.21)
In order to find Seff we should solve equations of motion
(6.20) with the Dirichlet problem corresponding to the bound-
ary shadow field and plug the solution into Leff . To this end
we discuss solution of equations of motion (6.20). Solution of
equation (6.20) with the Dirichlet problem corresponding to
the boundary shadow field is given by
|φ(x, z)〉 = σs,ν
∫
ddy Gν(x− y, z)|φsh(y)〉 , (6.22)
σs,ν =
(−)νs−νΓ(ν)
2νs−νΓ(νs)
, (6.23)
νs = s+
d− 4
2
, (6.24)
where the Green function Gν and ν are given in (5.14) and
(6.11) respectively. The derivation of normalization factor
σs,ν (6.23) may be found in Appendix E.
Using asymptotic behavior of the Green function given in
Gν (5.16), we find the asymptotic behavior of our solution
|φ(x, z)〉
z→0
−→ σs,νz
−ν+ 12 |φsh(x)〉 . (6.25)
From this expression, we see that our solution (6.22) has in-
deed asymptotic behavior corresponding to the spin-s shadow
field. Finally, plugging our solution (6.22) into (6.21) and us-
ing general formula given in (5.18), we obtain the effective
action
− Seff = (2s+ d− 4)cνsΓ , (6.26)
cνs =
Γ(s+ d− 2)
πd/2Γ(s+ d−42 )
, (6.27)
where Γ stands for two-point gauge invariant vertex (4.1) of
the spin-s shadow field.
To summarize, imposing the modified de Donder gauge on
the massless spin-s AdS field and computing the bulk action
on solution of equations of motion with the Dirichlet prob-
lem corresponding to the boundary shadow field we obtain the
gauge invariant two-point vertex of the spin-s shadow field.
Because in the literature Seff is expressed in terms of two-
point vertex taken in the Stueckelberg gauge frame, Γstand
(4.16), we use (4.12) and represent our result (6.26) as
− Seff =
(2s+ d− 3)(2s+ d− 4)
2s!(s+ d− 3)
cνsΓ
stand . (6.28)
For the particular values s = 1 and s = 2, our normalization
factor in front of Γstand (6.28) coincides with the respective
normalization factors given in (5.43),(5.76). Thus, our result
agrees with the previously reported results for the particular
values s = 1, 2 (see Refs.[36, 38, 40]) and gives the normal-
ization factor for arbitrary values of s and d.20 Knowledge of
the normalization factor for arbitrary values of s is important
for the systematical study of AdS/CFT correspondence be-
cause higher-spin gauge field theories [37, 59] involve infinite
tower of AdS fields with all values of s, s = 0, 1, . . . ,∞.
As a side of remark we note that the modified de Donder
gauge and the gauge-fixed equations of motion have the on-
shell left-over gauge symmetry. Namely, modified de Don-
der gauge (6.19) and gauge-fixed equations of motion (6.20)
are invariant under gauge transformation (6.12) provided the
gauge transformation parameter satisfies the equation
✷ν |ξ〉 = 0 , (6.29)
where ✷ν and ν are given in (5.10) and (6.11) respectively.
Solution to Eq.(6.29) is given by
|ξ(x, z)〉 = σs,ν
∫
ddy Gν(x − y, z)|ξsh(y)〉 . (6.30)
Plugging this solution in (6.12) we find the following expres-
sion for the on-shell left-over gauge transformation of solution
of the Dirichlet problem:
δ|φ〉 = σs,ν
∫
ddy Gν(x− y, z)δ|φsh(y)〉 , (6.31)
where δ|φsh〉 is the gauge transformation of the spin-s shadow
field (see Table II). From (6.31), we see that the on-shell left-
over gauge symmetry of solution of the Dirichlet problem for
spin-s AdS field amounts to the gauge symmetry of the spin-
s shadow field (see Table II). It is matching of the on-shell
leftover gauge symmetry of solution of the Dirichlet problem
for AdS field and the gauge symmetry of the shadow field
that explains why the effective action coincides with the gauge
invariant two-point vertex for the boundary shadow field.
20 For massless arbitrary spin AdS5 fields, the effective action, by using ra-
dial gauge, was studied in [58]. Normalization factor in Ref.[58] disagrees
with our result and results reported in Refs.[36, 38, 40].
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VII. CONFORMAL FIELDS
The kernel of two-point vertex (4.1) is not well-defined
when d is even integer and ν takes integer values (see e.g.
[60]). However this kernel can be regularized and after that it
turns out that the leading logarithmic divergence of the two-
point vertex Γ leads to Lagrangian of conformal fields. To
explain what has just been said we note that the kernel of Γ
can be regularized by using dimensional regularization. This
is to say that using the dimensional regularization and denot-
ing the integer part of d by [d], we introduce the regularization
parameter ǫ as
d− [d] = −2ǫ , [d]− even integer . (7.1)
With this notation we have the following behavior of the reg-
ularized expression for the kernel in (4.1):
1
|x|2ν+d
ǫ∼0∼ 1
ǫ
̺ν✷
νδ(x) , (7.2)
̺ν =
πd/2
4νΓ(ν + 1)Γ(ν + d2 )
, (7.3)
when ν is integer. Note that, in view of (6.11), ν takes integer
values when d is even integer. Using (7.2) in (3.1),(4.1), we
obtain
Γ
ǫ∼0∼ 1
ǫ
̺νs
∫
ddx L , (7.4)
where νs is defined in (6.24) and L is a higher-derivative La-
grangian for conformal spin-s field. We now discuss the La-
grangian for spin s = 1, 2 and arbitrary spin-s conformal
fields in turn.
A. Spin-1 conformal filed
Using two-point vertex for spin-1 shadow field (3.2) and
adopting relation (7.2) to the case of s = 1, we obtain the fol-
lowing gauge invariant Lagrangian for the spin-1 conformal
field:
L =
1
2
φa✷k+1φa +
1
2
φ✷kφ , k =
d− 4
2
, (7.5)
where we have made the identification
φa = φash , φ = φsh . (7.6)
Using this identification, we note that the differential con-
straint for spin-1 shadow field (see Table I) implies the same
differential constraint for φa and φ,
∂aφa + φ = 0 . (7.7)
Lagrangian (7.5) and constraint (7.7) are invariant under
gauge transformations
δφa = ∂aξ , (7.8)
δφ = −✷ξ . (7.9)
To check gauge invariance of the Lagrangian we use the no-
tation C for the left hand side of (7.7) and note that gauge
variation of Lagrangian (7.5) takes the form
δL = −ξ✷k+1C , (7.10)
i.e. we see that Lagrangian (7.5) is indeed invariant whenC =
0.
Interrelation between our approach and standard ap-
proach. Standard formulation of the spin-1 conformal field
is obtained from our approach by solving the differential con-
straint. This is to say that using differential constraint (7.7)
we express the scalar field in terms of the vector field,
φ = −∂aφa , (7.11)
and plug φ (7.11) in Lagrangian (7.5). By doing so, we obtain
the standard Lagrangian for the spin-1 conformal field,
L = −
1
4
F ab✷kF ab , F ab = ∂aφb − ∂bφa . (7.12)
Light-cone gauge Lagrangian. We now consider light-
cone gauge Lagrangian for the spin-1 conformal field. As
usually, the light-cone gauge frame is achieved through the
use of the light-cone gauge and differential constraints. Gauge
transformations (7.8),(7.9) and differential constraint (7.7) of
the spin-1 conformal field take the same form as the ones for
spin-1 shadow field (see Table I). Therefore to discuss the
light-cone gauge for the spin-1 conformal field we can use re-
sults obtained for the spin-1 shadow field in Sec. III A. This is
to say that light-cone gauge and solution for differential con-
straint for the spin-1 conformal field are obtained from the re-
spective expressions (3.10) and (3.11) by using identification
(7.6). Doing so, we are left with so(d−2) algebra vector field
φi and scalar field φ. These fields constitute the field content
of the light-cone gauge frame. Note that, in contrast to the
standard approach, the scalar field φ becomes an independent
field D.o.F in the light-cone gauge frame. Making use of the
light-cone gauge in gauge invariant Lagrangian (7.5), we ob-
tain the light-cone gauge Lagrangian
Ll.c. =
1
2
φi✷k+1φi +
1
2
φ✷kφ , k =
d− 4
2
. (7.13)
B. Spin-2 conformal filed
We proceed with the discussion of spin-2 conformal field.
Using two-point vertex for the spin-2 shadow field (3.19) and
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adopting relation (7.2) to the case of s = 2, we obtain the
gauge invariant Lagrangian for the spin-2 conformal field,
L =
1
4
φab✷k+1φab −
1
8
φaa✷k+1φbb
+
1
2
φa✷kφa +
1
2
φ✷k−1φ , k =
d− 2
2
, (7.14)
where we have made the identification
φab = φabsh , φ
a = φash , φ = φsh . (7.15)
Using this identification, we note that the differential con-
straints for the spin-2 shadow field (see Table I) imply the
same differential constraints for the fields φab, φa, and φ,
∂bφab −
1
2
∂aφbb + φa = 0 , (7.16)
∂aφa +
1
2
✷φaa + uφ = 0 , (7.17)
u =
(
2
d− 1
d− 2
)1/2
. (7.18)
The Lagrangian and the constraints are invariant under the
gauge transformations
δφab = ∂aξb + ∂bξa +
2
d− 2
ηabξ , (7.19)
δφa = ∂aξ −✷ξa , (7.20)
δφ = −u✷ξ . (7.21)
To demonstrate gauge invariance of the Lagrangian we use the
notation Ca and C for the respective left hand sides of (7.16)
and (7.17) and find that gauge variation of Lagrangian (7.14)
takes the form
δL = −ξa✷k+1Ca − ξ✷kC , (7.22)
i.e. we see that Lagrangian (7.14) is indeed invariant when
Ca = 0, C = 0.
Interrelation between our approach and standard ap-
proach. Standard formulation of the spin-2 conformal field is
obtained from our approach as follows. First, we use differen-
tial constraints (7.16), (7.17) and express the vector field and
scalar field in terms of the field φab,
φa = −∂bφab +
1
2
∂aφbb , (7.23)
φ =
1
u
(∂a∂bφab −✷φaa) . (7.24)
Second, we plug φa, φ (7.23), (7.24) in Lagrangian (7.14) and
obtain the standard Lagrangian for the spin-2 conformal field,
L =
1
4
φab✷k+1φab −
1
4(d− 1)
φaa✷k+1φbb
+
1
2
(∂φ)a✷k(∂φ)a +
1
2(d− 1)
φaa✷k(∂∂φ)
+
d− 2
4(d− 1)
(∂∂φ)✷k−1(∂∂φ) , (7.25)
k =
d− 2
2
, (7.26)
(∂φ)a ≡ ∂bφab , (∂∂φ) = ∂a∂bφab . (7.27)
Lagrangian (7.25) is invariant under gauge transformation of
φab given in (7.19).
As is well known, Lagrangian (7.25) can be represented in
terms of the linearized Ricci tensor and Ricci scalar
L = Rab✷k−1Rab −
d
4(d− 1)
R✷k−1R , (7.28)
or equivalently in terms of the Weyl tensor
L =
1
q2
Cabce✷k−1Cabce , q2 ≡ 4
d− 3
d− 2
. (7.29)
For the derivation of relation (7.28), we use the following ex-
pressions for the linearized Ricci tensor and Ricci scalar:
Rab =
1
2
(−✷φab + ∂a(∂φ)b + ∂b(∂φ)a − ∂a∂bφcc), (7.30)
R = (∂∂φ)−✷φaa , (7.31)
while for the derivation of relation (7.29) we use the fact that
the Gauss-Bonnet combination taken at second order in the
field φab is a total derivative,
RabceRabce − 4RabRab +R2 = 0 (up to total deriv.) .
(7.32)
Light-cone gauge Lagrangian. As before, the light-cone
gauge frame is achieved through the use of light-cone gauge
and differential constraints. Gauge transformations (7.19)-
(7.21) and differential constraints (7.16),(7.17) for the spin-2
conformal field take the same form as the ones for the spin-2
shadow field (see Table I). Therefore to discuss the light-cone
gauge for the spin-2 conformal field we can use results ob-
tained for the spin-2 shadow field in Sec. III B. This is to say
that the light-cone gauge fixing and solution for differential
constraints for the spin-2 conformal field are obtained from
the respective expressions (3.28) and (3.29)-(3.32) by using
identification (7.15). Doing so, we are left with traceless ten-
sor field φij , vector field φi and scalar field φsh. These fields
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constitute the field content of the light-cone gauge frame.
Note that, in contrast to the standard approach, the vector field
φi and scalar field φ become independent field D.o.F in the
light-cone gauge frame. Making use of the light-cone gauge
in gauge invariant Lagrangian (7.14), we obtain the light-cone
gauge Lagrangian for the spin-2 conformal field,
Ll.c. =
1
4
φij✷k+1φij +
1
2
φi✷kφi +
1
2
φ✷k−1φ , (7.33)
where k = d−22 .
C. Arbitrary spin-s conformal filed
We now discuss arbitrary spin-s conformal field. Using
two-point vertex for spin-s shadow field (4.1) and relation
(7.2), we obtain the Lagrangian for the spin-s conformal field,
L =
1
2
〈φ|µ✷ν |φ〉 , (7.34)
µ ≡ 1−
1
4
α2α¯2 , (7.35)
ν ≡ s+
d− 4
2
−Nz , (7.36)
where we have made the identification
|φ〉 = |φsh〉 . (7.37)
Using this identification, we note that the differential con-
straint for the spin-s shadow field (see Table II) implies the
same differential constraint for the ket-vector |φ〉,
C¯|φ〉 = 0 , (7.38)
C¯ = C¯⊥ − e¯1Π
[1,2] +
1
2
e1α¯
2
✷ , (7.39)
C¯⊥ = α¯∂ −
1
2
α∂α¯2 , (7.40)
Π[1,2] = 1− α2
1
2(2Nα + d)
α¯2 , (7.41)
e1 = α
z e˜1 , e¯1 = −e˜1α¯
z , (7.42)
e˜1 =
( 2s+ d− 4−Nz
2s+ d− 4− 2Nz
)1/2
. (7.43)
Lagrangian (7.34) and constraint (7.38) are invariant under the
gauge transformation
δ|φ〉 = (α∂ − e1✷− α
2 1
2Nα + d− 2
e¯1)|ξ〉 , (7.44)
where ket-vector |ξ〉 takes the same form as the ket-vector
|ξsh〉 given in (2.34).
To demonstrate gauge invariance of Lagrangian (7.34) we
find that variation of the Lagrangian under gauge transforma-
tion (7.44) takes the form
δL = −〈ξ|✷νC¯|φ〉 , (7.45)
i.e. we see that L is indeed gauge invariant provided the ket-
vector |φ〉 satisfies differential constraint (7.38).
To illustrate the structure of the Lagrangian we note that, in
terms of tensor fields φa1...as′ defined as
|φ〉 ≡
s∑
s′=0
αs−s
′
z |φs′〉 ,
|φs′ 〉 ≡
αa1 . . . αas′
s′!
√
(s− s′)!
φa1...as′ |0〉 , (7.46)
Lagrangian (7.34) takes the form
L =
s∑
s′=0
Ls′ , (7.47)
Ls′ =
1
2s′!
(
φa1...as′✷νs′φa1...as′
−
s′(s′ − 1)
4
φaaa3...as′✷νs′φbba3...as′
)
, (7.48)
νs′ = s
′ +
d− 4
2
. (7.49)
Stueckelberg gauge frame. Standard formulation of the
conformal field is obtained from our approach by using the
Stueckelberg gauge frame. Therefore to illustrate our ap-
proach, we now present Stueckelberg gauge fixed Lagrangian
of the spin-s conformal field. The Stueckelberg gauge frame
is achieved through the use of the Stueckelberg gauge and dif-
ferential constraints. Gauge transformation (7.44) and differ-
ential constraint (7.38) for the spin-s conformal field take the
same form as the ones for the spin-s shadow field (see Table
II). Therefore to discuss the Stueckelberg gauge frame for the
spin-s conformal field we can use results obtained for the spin-
s shadow field in Sec. IV. This is to say that, by imposing the
Stueckelberg gauge, solution to differential constraint for the
spin-s conformal field is obtained from (4.9)-(4.11) by using
identification (7.37) and |φsh,s′〉 = |φs′ 〉, s′ = 0, 1, . . . , s.
After that, plugging |φ〉 in (7.34) we obtain the Stueckelberg
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gauge frame Lagrangian,21
L =
1
2
s∑
s′=0
2s−s
′
(s′ + d−22 )s−s′
(s− s′)!(s+ s′ + d− 3)s−s′
× 〈(α¯∂)s−s
′
φs|✷
νs′ |(α¯∂)s−s
′
φs〉 , (7.50)
where νs′ is defined in (7.49) and we use the notation (p)q to
indicate the Pochhammer symbol, (p)q ≡ Γ(p+q)Γ(p) . To illus-
trate the structure of Lagrangian (7.50) we note that, in terms
of tensor fields φa1...as′ defined in (7.46), Lagrangian (7.50)
takes the form
L =
1
2
s∑
s′=0
2s−s
′
(s′ + d−22 )s−s′
s′!(s− s′)!(s+ s′ + d− 3)s−s′
× (∂s−s
′
φ)a1...as′✷νs′ (∂s−s
′
φ)a1...as′ , (7.51)
(∂s−s
′
φ)a1...as′ ≡ ∂b1 . . . ∂bs−s′φb1...bs−s′a1...as′ . (7.52)
For the readers convenience, we write down leading terms in
Lagrangian (7.51).
L =
1
2s!
φa1...as✷νsφa1...as (7.53)
+
1
2(s− 1)!
(∂φ)a1...as−1✷νs−1(∂φ)a1...as−1
+
1
4(s− 2)!
2s+ d− 6
2s+ d− 5
× (∂2φ)a1...as−2✷νs−2(∂2φ)a1...as−2 + . . . .
Light-cone gauge Lagrangian. The light-cone gauge
frame is achieved through the use of the light-cone gauge and
differential constraints. Because the gauge transformation and
differential constraint of the spin-s conformal field take the
same form as the ones for the spin-s shadow field we can use
the results obtained for the spin-s shadow field. This is to say
that the light-cone gauge condition and solution for the dif-
ferential constraint for the spin-s conformal field are obtained
from the respective expressions (4.18) and (4.19), (4.20) by
using identification (7.37). Doing so, we are left with traceless
so(d−2) algebra fields φi1...is′ , s′ = 0, 1, . . . , s. These fields
constitute the field content of light-cone gauge frame. Note
that, in contrast to the standard approach, the fields φi1...is′ ,
21 In the Stueckelberg gauge frame, Lagrangian of the arbitrary spin con-
formal field for d = 4 and d ≥ 4 was discussed in Ref.[4] and Ref.[5]
respectively. Our expression (7.50) provides the explicit representation for
Lagrangian of the conformal arbitrary spin field. Note that Lagrangian in
[4, 5] and the one given in (7.50) involve the higher derivatives. Discussion
of ordinary-derivative Lagrangian of the conformal arbitrary spin field may
be found in [20].
with s′ = 0, 1, . . . , s − 1, become independent field D.o.F
in the light-cone gauge frame. Making use of the light-cone
gauge in gauge invariant Lagrangian (7.34), we obtain the
light-cone gauge Lagrangian for the spin-s conformal field
Ll.c. =
1
2
〈φl.c.|✷ν |φl.c.〉 . (7.54)
To illustrate structure of the light-cone gauge Lagrangian we
note that, in terms of the tensor fields φi1...is′ , Lagrangian
(7.54) takes the form
Ll.c. =
s∑
s′=0
1
2s′!
φi1...is′✷νs′φi1...is′ , (7.55)
where νs′ is given in (7.49).
VIII. CONCLUSIONS
In this paper, we have further developed the gauge in-
variant Stueckelberg approach to CFT initiated in Ref.[1].
The Stueckelberg approach turned out to be efficient for the
study of massive fields and therefore we believe that this ap-
proach might also be useful for the study of CFT . In this
paper, we studied the two-point gauge invariant vertices of
the shadow fields and applied our approach to the discus-
sion of AdS/CFT correspondence. In our opinion, use of
the Stueckelberg approach to conformal currents and shadow
fields turns out to be efficient for the study of AdS/CFT
correspondence and therefore this approach seems to be very
promising. The results obtained should have a number of the
following interesting applications and generalizations.
(i) In this paper we considered the gauge invariant ap-
proach for the conformal currents and shadow fields which,
in the framework of AdS/CFT correspondence, are related
to the respective normalizable and non-normalizable solutions
of massless AdS fields. It would be interesting to generalize
our approach to the case of anomalous conformal currents and
shadow fields. In the framework of AdS/CFT correspon-
dence, the anomalous conformal currents and shadow fields
are related to solution of equations of motion for massiveAdS
fields. Therefore such generalization might be interesting for
the study of AdS/CFT duality between string massive states
and the boundary conformal currents and shadow fields.
(ii) We studied the bosonic conformal currents and shadow
fields. Generalization of our approach to the case of fermionic
conformal currents and shadow fields will make it possible to
involve the supersymmetry and apply our approach to the type
IIB supergravity in AdS5 × S5 background and then to the
string in this background;
(iii) This paper was devoted to the study of the two-point
gauge invariant vertices. Generalization of our approach to
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the case of 3-point and 4-point gauge invariant vertices will
give us the possibility to the study of various applications of
our approach along the lines of Refs.[61, 62]
(iv) In recent years, mixed symmetry fields have attracted a
considerable interest (see e.g. Refs.[63]-[68]). We think that
generalization of our approach to the case of mixed symme-
try conformal currents and shadow fields might be useful for
the study of AdS/CFT correspondence because the mixed
symmetry fields appear in string theory and higher-spin gauge
fields theory.
(v) In this paper, we have discussed AdS/CFT correspon-
dence between the massless arbitrary spin AdS fields and the
boundary shadow fields. By now it is known that to construct
self-consistent interaction of massless higher spin fields it is
necessary to introduce, among other things, a infinite chain
of massless AdS fields which consists of every spin just once
[37, 59]. This implies that to maintain AdS/CFT correspon-
dence for such interaction equations of motion we should also
introduce an infinite chain of the boundary shadow fields. We
have demonstrated that use of the modified de Donder gauge
provides considerably simplifications in the analysis of free
equations of motion of AdS fields. In this respect it would be
interesting to apply the modified de Donder gauge to the study
of the consistent equations for interacting gauge fields of all
spins [59] and extend the analysis of this paper to the case
of infinite chain of interacting massless fields and the corre-
sponding boundary shadow fields.
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Appendix A: Derivation of two-point vertex
In this Appendix, we demonstrate that two-point vertex
(4.1) is uniquely determined by requiring the vertex to be in-
variant under the shadow field gauge symmetries, Poincare´
algebra symmetries, and dilatation symmetry. We proceed in
the following way.
i). Taking into account double-tracelessness constraint,
the shadow field differential constraint, and Poincare´ algebra
symmetries, we note that the general form of two-point vertex
is given by
Γ =
∫
ddx1d
dx2Γ12 , (A1)
Γ12 =
1
2
〈φ1|H12|φ2〉 , (A2)
H12 = h1 + α
2h2 + h3α¯
2 + α2h4α¯
2 , (A3)
h1 = h1(|x12|, Nz) , (A4)
h2 = h2(|x12|, αx12, α
z , α¯z) , (A5)
h3 = h3(|x12|, α¯x12, α
z , α¯z) , (A6)
h4 = h4(|x12|, αx12, α¯x12, α
z , α¯z) , (A7)
where Nz = αzα¯z , αx12 = αaxa12 α¯x12 = α¯axa12 and we
use the shortcuts 〈φ1| and |φ2〉 for the respective ket-vectors
〈φsh(x1)| and |φsh(x2)〉. All that is required is to find the
functions ha, a = 1, 2, 3, 4. To this end we note that variation
of Γ12 under gauge transformation
δ|φsh〉 = α∂|ξsh〉+ . . . , (A8)
takes the form (up to total derivative)
δΓ12 =
1
2
〈φ1|h1α
2α¯∂|ξ2〉+ 〈φ1|h2α
2α∂|ξ2〉
+ 〈φ1|h3α¯∂|ξ2〉+ 2〈φ1|h4α
2α¯∂|ξ2〉+ . . . (A9)
where dots in (A8) and (A9) stand for the contributions that
are independent of the derivative ∂a and we use the shortcut
|ξ2〉 for ket-vector |ξsh(x2)〉. Note that to derive (A9) we use
the differential constraint for the shadow field |φsh〉 (see Table
II),
C¯⊥|φsh〉+ . . . = 0 , (A10)
where dots stand for contributions that are independent of the
derivative ∂a. From (A9), we see that requiring the variation
δΓ12 to vanish gives constraints
h4 = −
1
4
α2α¯2h1 , h2 = h3 = 0 . (A11)
Plugging (A11) in (A3) we obtain
H12 = µh1 , (A12)
where µ is given in (4.2). We now note that requiring invari-
ance of the vertex under shadow field dilatation symmetry (see
Table II) we are led to the following solution to h1:
h1 = fνρ , ρ ≡ |x12|
−(2ν+d) , (A13)
where fν depends only on the operator Nz . Taking into ac-
count (6.11) we consider fν as function of ν. Thus, restric-
tions imposed by Poincare´ symmetries, dilatation symmetry
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and some restrictions imposed by gauge symmetries lead to
the following expression for H12:
H12 = µfνρ . (A14)
ii) We now consider all restrictions on fν imposed by gauge
symmetries. In other words, taking into account the gauge
transformation of the shadow field,
δ|φsh〉 = Gsh|ξsh〉 , (A15)
Gsh = α∂ − e1 sh✷− α
2 1
2Nα + d− 2
e¯1 sh , (A16)
we consider restrictions imposed on fν by equation (up to to-
tal derivative)
〈Gshξ1|µfνρ|φ2〉 = 0 . (A17)
To this end we note the following helpful relation (up to total
derivative):
−〈Gshξ1|µfνρ|φ2〉
= 〈ξ1|C¯⊥ − e¯1 sh✷+
1
2
e1 shα¯
2
)
fνρ|φ2〉 . (A18)
Using differential constraint for the shadow field (see Table
II), we transform C¯⊥-term in (A18) as
〈ξ1|C¯⊥fνρ|φ2〉 = 〈ξ1|fνρC¯⊥|φ2〉
= 〈ξ1|fνρ
(
e¯1 sh −
1
2
e1 shα¯
2
✷
)
|φ2〉
= 〈ξ1|fνρe¯1 sh|φ2〉
−〈ξ1|
(ν + 1)(2ν + d)fν
|x12|2ν+d+2
e1 shα¯
2|φ2〉 . (A19)
The e¯1 sh- and e1 sh-terms in (A18) can be transformed as
〈ξ1|
(
− e¯1 sh✷+
1
2
e1 shα¯
2
)
fνρ|φ2〉
= −〈ξ1|fν−1ρ2ν(2ν + d− 2)e¯1 sh|φ2〉
+〈ξ1|
fν+1
2|x12|2ν+d+2
e1 shα¯
2|φ2〉 . (A20)
Taking into account (A19),(A20) we see that requiring the
contribution of e¯1 sh-terms in (A18) to vanish we find the fol-
lowing equation for fν :
fν
fν−1
= 2ν(2ν + d− 2) . (A21)
Using (A19),(A20), we see that that requiring the contribution
of e1 sh-terms in (A18) to vanish also leads to (A21). Thus,
equations (A21) amount to requiring that gauge variation of
two-point vertex vanishes (A17). Solution to Eq. (A21) with
initial condition fνs = 1 is given in (4.3).
Appendix B: Invariance of two-point vertex under conformal
boost transformations
We now demonstrate invariance of the shadow field two-
point vertex (4.1) under conformal boost transformations (Ka
transformations). We start with expression for two-point ver-
tex (A1) with Γ12 given by
Γ12 =
1
2
〈φ1|H12|φ2〉 , H12 = µfνρ , (B1)
where µ, fν and ρ are defined in (4.2), (4.3) and (A13) re-
spectively. In (B1), we use the shortcuts 〈φ1| and |φ2〉 for the
respective shadow field ket-vectors 〈φsh(x1)| and |φsh(x2)〉.
We proceed in the following way.
i) Before analyzing restrictions imposed on the two-point
vertex by the conformal boost symmetries we find explicit
form of the restrictions imposed on the two-point vertex by the
Poincare´ algebra and dilatation symmetries. Invariance with
respect to the Poincare´ translations implies that H12 depends
on xa12 ≡ x
a
1 − x
a
2 . Requiring the vertex Γ to be invariant
under dilatation and Lorentz algebra symmetries
δDΓ = 0 , δJabΓ = 0 , (B2)
amounts to the following respective equations for H12:
(xa12∂
a
x12 + 2d−∆sh)H12 −H12∆sh = 0 , (B3)
(lab12 +M
ab)H12 −H12M
ab = 0 , (B4)
lab12 ≡ x
a
12∂
b
x12 − x
b
12∂
a
x12 , (B5)
∆sh ≡ 2− s+Nz , (B6)
where Mab is given in (2.20). It easy to see that H12 given in
(A14) satisfies Eqs.(B3), (B4).
ii) We now prove invariance of Γ under the Ka transfor-
mations. To this end we analyze variation of the Γ under the
Ka transformations. Taking into account (2.16), we see that
variation of Γ can be represented as
δKaΓ = δKa∆,MΓ + δRaΓ . (B7)
Taking into account Eqs.(B3),(B4), one can make sure that the
variation of Γ12 under Ka∆,M transformations takes the form
(up to total derivative)
δKa∆,MΓ12 =
1
2
〈φ1|
(1
2
|x12|P
a
x12 −M
abxb12)H12
+
1
2
xa12[∆sh, H12]
)
|φ2〉 , (B8)
Pax ≡ |x|∂
a −
xa
|x|
xb∂b . (B9)
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Using the notationRash for the shadow field operatorRa given
in Table II, it is easy to see that variation of the vertex Γ under
action of the operator Ra is given by
δRaΓ =
∫
ddx1d
dx2 〈R
a
shφ1|H12|φ2〉 . (B10)
We note that relations (B8) and (B10) are valid for arbitrary
H12 which satisfies Eqs.(B3),(B4). Making use of expression
for H12 in (B1), it is easy to see that requiring the vertex Γ to
be invariant under Ka transformations,
δKaΓ = 0 , (B11)
amounts to the following equation (up to total derivative):
−
1
2
〈φ1|M
abxb12H12|φ2〉+ 〈R
a
shφ1|H12|φ2〉 = 0 . (B12)
Note that for the derivation of this equation we use the rela-
tions [Pax , |x|] = 0 and [H12,∆sh] = 0.
Thus, all that remains to be done is to prove Eq.(B12) with
H12 given in (B1). To this end we note the relations
xa12H12 = −
1
2ν + d− 2
∂ax12(|x12|
2H12) , (B13)
Mab∂b +GshC¯
a
⊥
= αaC¯sh − e1 sh✷α¯
a + I˜ae¯1 sh , (B14)
I˜a ≡ αa − α2
1
2Nα + d− 2
α¯a , (B15)
C¯a⊥ ≡ α¯
a −
1
2
αaα¯2 , (B16)
where ν and Gsh are given in (4.4) and (A16) respectively,
while C¯sh, e1 sh, e¯1 sh are given in Table II. Using (B13),
(B14), the constraint C¯sh|φsh〉 = 0, and the relation Mab† =
−Mab, we obtain (up to total derivative)
−〈φ1|M
abxb12H12|φ2〉
= 〈
1
2ν + d− 2
Mab∂bx1φ1||x12|
2H12|φ2〉
= 〈
(
−GshC¯
a
⊥ − e1 sh✷α¯
a + I˜ae¯1 sh
)
φ1|
×
|x12|2H12
2ν + d− 2
|φ2〉 . (B17)
We now consider expressions appearing in (B17) in turn. Gsh-
term can be transformed as (up to total derivative)
−〈GshC¯
a
⊥φ1|
|x12|2H12
2ν + d− 2
|φ2〉
= 〈C¯a⊥φ1|C¯cur
|x12|2fνρ
2ν + d− 2
|φ2〉
= 〈C¯a⊥φ1|
|x12|2fνρ
2ν + d− 2
C¯sh|φ2〉
+〈C¯a⊥φ1|
(
2e¯1 shfνρ+ fνρe1 shα¯
2
)
|φ2〉
= 〈(−2α¯a + 2αaα¯2)e1 shφ1|H12|φ2〉 , (B18)
where the operator C¯cur is given in Table II. Also, note that
we use the differential constraint C¯sh|φsh〉 = 0. The e1 sh-
and e¯1 sh- terms in (B17) can be transformed as
−〈e1 sh✷α¯
aφ1|
|x12|2H12
2ν + d− 2
|φ2〉
= −〈2νe1 shα¯
aφ1|H12|φ2〉 , (B19)
〈I˜ae¯1 shφ1|
|x12|2H12
2ν + d− 2
|φ2〉
= −〈2(ν + 1)e1 shα¯
aφ2|H12|φ1〉 . (B20)
Plugging (B18), (B19) and (B20) in (B17) and taking into ac-
count Rash given in Table II we make sure that relation (B12)
holds true.
Appendix C: Derivation of effective action
We now discuss details of the derivation of effective action
(5.18). We are going to prove the following relations:∫
ddxφ(x, z)∂zφ(x, z)
z→0
−→
c˜2ν
cν
∫
ddx1d
dx2
φ1φ2
|x12|2ν+d
,
(C1)
∫
ddx
1
z
φ(x, z)φ(x, z)
z→ 0
−→
2c˜2ν
cν
∫
ddx1d
dx2
φ1φ2
|x12|2ν+d
,
(C2)
c˜ν ≡ σcν , (C3)
where φ(x, z) is solution of the Dirichlet problem given in
(5.13) and we use the shortcuts φ1 and φ2 for the respective
boundary shadow fields φsh(x1) and φsh(x2). The |x12| is
given in (3.3). Taking into account expressions for the effec-
tive action given in (5.11), (5.12) it is easy to see that relations
(C1), (C2) do indeed lead to effective action (5.18). Note that
in r.h.s. of (C1),(C2) we keep, as usually, only non-local con-
tributions.
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We now prove relations (C1), (C2). To this end we use
expression for solution φ(x, z) in (5.13) to find the relations∫
ddxφ(x, z)∂zφ(x, z)
= c˜2ν((ν +
1
2
)X1 − (2ν + d)X2) , (C4)∫
ddx
1
z
φ(x, z)φ(x, z) = c˜2νX1 , (C5)
where we use the notation
X1 ≡
∫
ddx1d
dx2d
dx3φ1φ2
z2ν
f
ν+ d2
13 f
ν+d2
23
, (C6)
X2 ≡
∫
ddx1d
dx2d
dx3φ1φ2
z2ν+2
f
ν+ d2
13 f
ν+d2+1
23
, (C7)
fmn ≡ z
2 + |xmn|
2 , xamn ≡ x
a
m − x
a
n . (C8)
Using the Fourier transform of the kernels in (C6), (C7)
zν
(z2 + |x|2)ν+
d
2
= ων
∫
ddk eik·xkνKν(kz) , (C9)
ω−1ν ≡ π
d/22ν+d−1Γ(ν +
d
2
) , (C10)
where Kν is the modified Bessel, and integrating over x3, we
cast X1 and X2 into the form
X1 = (2π)
d
∫
ddx1d
dx2d
dk φ1φ2e
ik·x12
×ω2νk
2ν(Kν(kz))
2 , (C11)
X2 = (2π)
d
∫
ddx1d
dx2d
dk φ1φ2e
ik·x12
×ωνων+1zk
2ν+1Kν(kz)Kν+1(kz) . (C12)
We now consider the asymptotic behavior, as z → 0, of X1
and X2. As usually, we are interested in non-local contribu-
tions to (C11),(C12). To this end we use the definition of Kν ,
Kν(z) =
π
2 sinπν
(I−ν(z)− Iν(z)) , (C13)
Iν(z) =
∞∑
k=0
1
k!Γ(k + ν + 1)
(z
2
)ν+2k
, (C14)
to obtain the following well-known formula:
Kν(kz)
z→0
−→
2ν−1Γ(ν)
(kz)ν
+
(kz)νΓ(−ν)
2ν+1
+ . . . , (C15)
where dots stand for the terms which are not relevant for the
analysis of non-local contributions to (C11),(C12). Making
use of (C15), we obtain
X1
z→0
−→ (2π)d
∫
ddx1d
dx2d
dk φ1φ2k
2νeik·x12
×
1
2
ω2νΓ(ν)Γ(−ν)
=
2
cν
∫
ddx1d
dx2
φ1φ2
|x12|2ν+d
, (C16)
X2
z→0
−→ (2π)d
∫
ddx1d
dx2d
dk φ1φ2k
2νeik·x12
×
1
2
ωνων+1Γ(−ν)Γ(ν + 1)
=
2ν
cν(2ν + d)
∫
ddx1d
dx2
φ1φ2
|x12|2ν+d
. (C17)
For the derivation of relations (C16),(C17), we use the formu-
las ∫
ddkk2νeik·x =
22ν+dπd/2Γ(ν + d2 )
Γ(−ν) |x|2ν+d
, (C18)
ων+1
ων
=
1
2ν + d
, (C19)
where (C19) is simply obtained by using (C10). Making use
of (C16),(C17) in (C4),(C5), we arrive at desired relations
(C1),(C2).
Appendix D: CFT adapted Lagrangian for massless spin-1 and
spin-2 fields in AdSd+1
In this Appendix, we explain some details of the derivation
of the CFT adapted gauge invariant Lagrangian for massless
spin-1 and spin-2 fields given in (5.20) and (5.48). Presen-
tation in this Appendix is given by using Lorentzian signa-
ture. Euclidean signature Lagrangian in Sec. V, is obtained
from the Lorentzian signature Lagrangian by simple substitu-
tion L → −L.
Spin-1 massless field. We use field ΦA carrying flat
Lorentz algebra so(d, 1) vector indices A,B = 0, 1, . . . , d −
1, d. The field ΦA is related with field carrying the base
manifold indices Φµ, µ = 0, 1, . . . , d, in a standard way
ΦA = eAµΦ
µ
, where eAµ is vielbein of AdSd+1 space. For
the Poincare´ parametrization of AdSd+1 space (5.1), vielbein
eA = eAµ dx
µ and Lorentz connection, deA + ωAB ∧ eB = 0,
are given by
eAµ =
1
z
δAµ , ω
AB
µ =
1
z
(δAz δ
B
µ − δ
B
z δ
A
µ ) , (D1)
28
where δAµ is Kronecker delta symbol. We use a covariant
derivative with the flat indices DA,
DA ≡ e
µ
ADµ , D
A = ηABDB , (D2)
where eµA is inverse of AdS vielbein, eAµ e
µ
B = δ
A
B and ηAB
is flat metric tensor. With choice made in (D1), the covariant
derivative takes the form
DAΦB = ∂ˆAΦB + δBz Φ
A − ηABΦz , ∂ˆA ≡ z∂A , (D3)
where we adopt the following conventions for the derivatives
and coordinates: ∂A = ηAB∂B , ∂A = ∂/∂xA, xA ≡ δAµ xµ,
xA = xa, xd, xd ≡ z.
In arbitrary parametrization of AdS, Lagrangian of the
massless spin-1 field takes the standard form
e−1L = −
1
4
FABFAB , FAB = DAΦB −DBΦA ,
(D4)
where e ≡ det eAµ . Using the notation
Cst = D
AΦA , (D5)
we note that it is the relation Cst = 0 that defines the standard
Lorentz gauge. Lagrangian (D4) can be represented as
e−1L =
1
2
ΦA(D2 + d)ΦA +
1
2
C2st . (D6)
We now use the Poincare´ parametrization of AdS and intro-
duce the following quantity:
C = DAΦA + 2Φz . (D7)
We note that it is the relation C = 0 that defines the modified
Lorentz gauge. Using the relations (up to total derivative)
eΦAD2ΦA = e
(
ΦA(✷
0AdS
− 1)ΦA
+ 4ΦzC+ (d− 7)ΦzΦz
)
, (D8)
C2st = C
2 − 4ΦzC+ 4ΦzΦz , (D9)
✷
0AdS
≡ z2(✷+ ∂2z ) + (1− d)z∂z , (D10)
we represent Lagrangian (D6) and C (D7) as
e−1L =
1
2
ΦA(✷0AdS + d− 1)Φ
A
+
d− 3
2
ΦzΦz +
1
2
C
2 , (D11)
C = ∂ˆAΦA + (2− d)Φz . (D12)
In terms of so(d − 1, 1) tensorial components of the field ΦA
given by Φa, Φz , Lagrangian (D11) takes the form
e−1L =
1
2
Φa(✷0AdS + d− 1)Φ
a
+
1
2
Φz(✷0AdS + 2d− 4)Φ
z +
1
2
C
2 , (D13)
C = z∂aΦa + zT2−dΦ
z . (D14)
Introducing the canonically normalized field φA,
ΦA = z
d−1
2 φA , (D15)
and using the identification φz = φ we make sure that La-
grangian (D13) takes the form
L =
1
2
φa✷ν1φ
a +
1
2
φ✷ν0φ+
1
2
C2 , (D16)
where ✷ν , C, and ν’s are defined in (5.10), (5.21), and (5.22)
respectively. Note that C = z(d+1)/2C. Finally, taking into
account expression for operator✷ν (5.10) and relation (6.17),
we see that Lagrangian (D16) is equal, up to total derivative
and overall sign, to the one given in (5.20).
Lagrangian (D4) is invariant under the gauge transforma-
tions δΦA = ∂ˆAΞ. Making the rescaling Ξ = z(d−3)/2ξ, we
check that these gauge transformations lead to the ones given
in (5.23), (5.24).
Spin-2 massless field. We use a tensor field ΦAB with flat
indices. This field is related with the tensor field carrying the
base manifold indices in a standard way ΦAB = eAµ eBν Φµν .
In arbitrary parametrization of AdS, Lagrangian of massless
spin-2 field takes the standard form
e−1L =
1
4
ΦAB(E
EH
Φ)AB +
1
2
ΦABΦAB
+
d− 2
4
Φ2 , (D17)
(E
EH
Φ)AB = D2ΦAB −DA(DΦ)B −DB(DΦ)A
+ DADBΦ + ηAB(DCDEΦCE −D2Φ) ,
Φ ≡ ΦAA , (DΦ)A ≡ DBΦAB . (D18)
Using the notation
CAst ≡ D
BΦAB −
1
2
DAΦ , (D19)
we note that it is the relation CAst = 0 that defines the standard
de Donder gauge condition. UsingCAst , Lagrangian (D17) can
be represented as
e−1L =
1
4
ΦAB(D2 + 2)ΦAB
−
1
8
Φ(D2 − 2d+ 4)Φ +
1
2
CAstC
A
st . (D20)
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We now use the Poincare´ parametrization of AdS, introduce
the notation
C
A ≡ CAst + 2Φ
zA − δAz Φ , (D21)
and note that it is the relation CA = 0 that defines the mod-
ified de Donder gauge condition. Using the relations (up to
total derivative)
1
4
eΦABD2ΦAB = e
(1
4
ΦAB(✷0AdS − 2)Φ
AB
+
d− 5
2
ΦzAΦzA + 2ΦzzΦ−
d
4
Φ2
+2ΦzACA − ΦCz
)
, (D22)
1
2
CAstC
A
st =
1
2
C
A
C
A − 2ΦzACA +ΦCz
+2ΦzAΦzA − 2ΦzzΦ +
1
2
Φ2 , (D23)
we represent Lagrangian (D20) and CA as
e−1L =
1
4
ΦAB✷
0AdS
ΦAB −
1
8
Φ✷
0AdS
Φ
+
d− 1
2
ΦzAΦzA +
1
2
C
A
C
A , (D24)
C
A = ∂ˆBΦAB −
1
2
∂ˆAΦ+ (1 − d)ΦzA , (D25)
where ✷
0AdS
is given in (D10). In terms of canonically nor-
malized fields Φ˜AB , defined by
ΦAB = z
d−1
2 Φ˜AB , (D26)
Lagrangian (D24) takes the form
L =
1
4
Φ˜AB✷ν2Φ˜
AB −
1
8
Φ˜AA✷ν2Φ˜
BB
+
d− 1
2z2
Φ˜zAΦ˜zA +
1
2
C˜
a
C˜
a +
1
2
C˜
z
C˜
z , (D27)
C˜
a = ∂bΦ˜ab −
1
2
∂aΦ˜ + T− d−12
Φ˜za , (D28)
C˜
z = ∂aΦ˜za −
1
2
T d−1
2
Φ˜ + T− d−12
Φ˜zz , (D29)
where✷ν and ν’s are defined in (5.10) and (5.51) respectively.
We note the relation CA = z(d+1)/2C˜A.
Introducing new fields φab, φa, φ by the relations
Φ˜ab = φab −
u
d− 1
ηabφ , (D30)
Φ˜za = φa , (D31)
Φ˜zz =
2
u
φ , (D32)
where u is given in (5.52), we represent Lagrangian (D27) as
L =
1
4
φab✷ν2φ
ab −
1
8
φaa✷ν2φ
bb +
1
2
φa✷ν1φ
a
+
1
2
φ✷ν0φ+
1
2
CaCa +
1
2
C2 , (D33)
where Ca and C are defined in (5.49),(5.50). We note the
relations Ca = C˜a, C = C˜z . Taking into account (6.17), we
see that Lagrangian (D33) is equal, up to total derivative and
overall sign, to the one given in (5.48).
Lagrangian (D17) is invariant under gauge transformations
δΦAB = DAΞB +DBΞA . (D34)
Introducing gauge transformation parameter ξA by the rela-
tion ΞA = z(d−3)/2ξA, and making the identification for the
so(d− 1, 1) algebra scalar mode ξ ≡ ξz we check that gauge
transformations (D34) lead to the ones given in (5.53)-(5.55).
Appendix E: Derivation of normalization factor σs,ν
In this Appendix, we outline the derivation of the normal-
ization factor σs,ν given in (6.22),(6.23). To this end we note
that (6.22) can be represented as
|φ(x, z)〉 =
∫
ddy pνF (x− y)|φsh(y)〉 , (E1)
F (x) ≡
zν+
1
2
(z2 + |x|2)ν+
d
2
, (E2)
where pν depends on operator ν (6.11). Comparing (E1) and
(6.22), we see that pν and σs,ν are related as
pν = σs,νcν , (E3)
where cν is defined in (5.15), i.e. we see that if we find pν
then we fix the coefficient σs,ν .
The coefficient pν is uniquely determined by the following
two requirements:
i) Modified de Donder gauge condition for AdS field |φ〉
(6.19) should lead to the differential constraint for the shadow
field |φsh〉 (see Table II).
ii) For ν = νs (see (4.5)), the pνs is normalized to be
pνs = cνs , (E4)
where cνs is given in (6.27).
We note that the choice of normalization condition (E4) is
a matter of convenience. This condition implies that solution
(E1) leads to the following asymptotic behavior for the lead-
ing rank-s tensor field φa1...as (see (6.3)):
φa1...as(x, z)
z→0
−→ z−νs+
1
2φa1...assh (x) , (E5)
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where φa1...assh is the leading rank-s tensor field in |φsh〉 (see
(2.31)).
We now analyze restrictions imposed by the first require-
ment. To this end we note the relation
C¯|φ(x, z)〉 =
∫
ddy pνF (x− y)W |φsh(y)〉 , (E6)
W ≡ C¯⊥ −
pν+1
2pν(2ν + d)
e1,shα¯
2
✷
+
pν−1
pν
(2ν + d− 2)e¯1,shΠ
[1,2] , (E7)
where C¯ is modified de Donder operator (6.6). Matching of
modified de Donder gauge condition for AdS field |φ〉 and
the differential constraint for the shadow field |φsh〉 implies
the relation
C¯|φ(x, z)〉 =
∫
ddy pνF (x − y)C¯sh|φsh(y)〉 . (E8)
Comparison of (E6) and (E8) gives the equation
C¯sh =W . (E9)
Comparing C¯sh given in Table II and W given in (E7) we see
that Eq.(E9) amounts to the following equation for pν :
pν−1(2ν + d− 2) = −pν . (E10)
Solution to this equation is given by
pν = (−2)
νΓ(ν +
d
2
)p0 , (E11)
where p0 does not depend on ν. Requiring normalization con-
dition (E4), we find
p0 =
cνs
(−2)νsΓ(νs +
d
2 )
. (E12)
Plugging this p0 in (E11) we get
pν =
(−)νs−νΓ(ν + d2 )
2νs−νΓ(νs +
d
2 )
cνs . (E13)
Taking into account (E3), (E13) and cν (5.15), we obtain so-
lution for σs,ν given in (6.23).
For the readers convenience, we note the formulas which
are helpful for the derivation of relation (E6),
e1|φ(x, z)〉 = −
∫
ddy F (x − y)
pν+1
2ν + d
e1sh✷|φsh(y)〉 ,
(E14)
e¯1|φ(x, z)〉 = −
∫
ddy F (x − y)
× pν−1(2ν + d− 2)e¯1sh|φsh(y)〉 , (E15)
e1F (x) = −
1
2ν + d
✷F (x)e1,sh , (E16)
e¯1F (x) = −F (x)(2ν + d− 2)e¯1,sh , (E17)
where the operators e1 and e¯1 are defined in (6.7).
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